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Abstract

This course gives an introduction to the ingredients of gauge theories which are necessary to
calculate cross sections for particular processes. This course runs in parallel with the Quantum Field
Theory course, from which we will use some results. Some topics mentioned in this course will be
covered in more detail in the Standard Model and Phenomenology courses next week.

These notes are intended to be self-contained, but provide just a short introduction to a complex
and fascinating topic. You can find a reading list of other books at the end of these notes. If there
are other textbooks which you find particularly helpful, please tell me and I will update the list.

You can find these materials on https://stfc.yannickulrich.com/notes. Please let me know
if you have any comments, questions or corrections either at https://gitlab.com/yannickulrich/
stfc/-/issues or via email yannick.ulrich@liverpool.ac.uk.
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1 Relativistic Quantum Mechanics

In order to describe the dynamics of particles involved in high-energy collisions we must be able to
combine the theory of phenomena occurring at the smallest scales, i.e. quantum mechanics (QM), with
the description of particles moving close to the speed of light, i.e. special relativity. To do this we must
develop wave equations which are relativistically invariant (i.e. invariant under Lorentz transformations).
In this section we will derive relativistic equations of motion for scalar particles (spin-0) and particles
with spin- 12 .

The Standard Model Lagrangian in popular form reads

L =− 1

4
FµνF

µν

+ iψ̄γ ·Dψ
+ ψ̄iyijψjϕ

+ |Dµϕ|2 − V (ϕ)

(1)

where the first line accounts for the self-interactions of the pure gauge fields, the second the free Dirac
fields and their interactions with the gauge fields, the third line the interaction between the fermions and
the Higgs field (i.e. the generation of masses to the fermions) and finally the fourth line the Higgs boson
field and its interaction with the gauge fields. The focus of this brief course is to explain the notation
contained in the two middle lines, and explore some of the complexity of the fields ψ and the operator
D.

1.1 The Klein-Gordon Equation

Consider first the Hamiltonian for a particle in classical (non-relativistic) mechanics

E =
p⃗2

2m
+ V (x⃗) . (2)

To convert this into a wave equation for QM, we use the identifications E → i∂t and p⃗ → −i∇⃗, so that
a plane-wave solution

ϕ(t, x⃗) = Ae−i(Et−p⃗·x⃗) = Ae−ip·x (3)

has the energy-momentum relation given in (2). Applied to a general wavefunction ϕ, a linear superpo-
sition of plane waves, this gives

i∂tϕ(t, x⃗) =

(︃
− 1

2m
∇⃗2 + V (x⃗)

)︃
ϕ(t, x⃗) = Ĥϕ(t, x⃗) , (4)

where Ĥ is the so-called Hamiltonian operator. We recognise this as the Schrödinger Equation, the
cornerstone of QM. (4) cannot be relativistically invariant because time appears only through a first-
order derivative on the left-hand side while space appears as a second-order derivative on the right-hand
side. Yet we know that if we make a Lorentz transformation, this would mix the x⃗ and t components
and therefore their derivatives will have to arise with the same orders.

The problem with the Schrödinger Equation arose because we started from a non-relativistic energy-
momentum relation. Let us then start from the relativistic equation for energy. For a particle with
4-momentum pµ = (E, p⃗) and mass m,

E2 = m2 + p⃗2 . (5)

Again we convert this to an operator equation by setting pµ = i∂µ so that the corresponding wave
equation for an arbitrary scalar wavefunction ϕ(x⃗, t) gives

(∂2t −∇2 +m2)ϕ(t, x⃗) = (∂µ∂
µ +m2)ϕ(x) = 0 , (6)

where we have introduced the four-vector xµ = (t, x⃗). This is the Klein-Gordon (KG) equation which is
the equation of motion for a free scalar field. We can explicitly check that this is indeed Lorentz invariant.
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Under a Lorentz transformation the contravariant four-vector xµ and covariant ∂µ transform as

xµ → (x′)µ = Λµνx
ν , ∂µ → (∂′)µ = Λ ρ

µ ∂ρ . (7)

The Lorentz transformations have the special property that

ΛµνΛ
ρ
µ = δ ρ

ν = δρν . (8)

This equation says that the inverse of transformation Λµν is given by the transformation Λ ρ
µ .

The field ϕ is a scalar, i.e. it has the transformation property

ϕ(x)→ ϕ′(x′) = ϕ′(Λx) = ϕ(x) (9)

Therefore, in the primed system one obtains, using the aforementioned properties of the Lorentz trans-
formations [︂

(∂′)µ(∂
′)µ +m2

]︂
ϕ′(x′) =

[︂
Λ ρ
µ ∂ρΛ

µ
σ∂

σ +m2
]︂
ϕ′(Λx) =

[︂
∂ρ∂

ρ +m2
]︂
ϕ(x) = 0 (10)

and the equation still holds.

1.2 The Dirac Equation

The KG equation admits negative-energy solutions, because the energy E appearing in the plane-wave
in (3) can have the two values ±

√︁
p⃗2 +m2. This originates from the energy-momentum relation E2 =

p⃗2 +m2, (5). Dirac sought to find an alternative relativistic equation which was linear in E ∼ ∂t like
the Schrödinger equation since looks like it would remove the negative energy solution. If the equation
is linear in ∂t, it must also be linear in ∇ if it is to be invariant under Lorentz transformations.

1.2.1 An alternative wave equation

We therefore start with the general form

i∂tψ(t, x⃗) = (−iα⃗ · ∇⃗+ βm)ψ(t, x⃗) . (11)

We also want the solution to this equation to follow the energy relation (5). To implement this constraint,
we square (11)

−∂2t ψ(t, x⃗) = i∂t

(︂
− iα⃗ · ∇⃗+ βm

)︂
ψ(t, x⃗) (12a)

=
(︂
− iα⃗ · ∇⃗+ βm

)︂2
ψ(t, x⃗) (12b)

=
(︂
− αiαj∂i∂j − i(βαi + αiβ)m∂i + β2m2

)︂
ψ(t, x⃗)

!
=
(︂
−∇2 +m2

)︂
ψ(t, x⃗) . (12c)

The KG equations, which is just the energy-momentum relation, requires the equality marked with the
exclamation mark. Therefore, for α⃗ and β

αiαj + αjαi = {αi, αj} = 2δij , (13a)

βαi + αiβ = {β, αi} = 0 , (13b)

β2 = 1 . (13c)

Here we have defined the anti-commutator {A,B} = AB+BA which is similar to the normal commutator
[A,B] = AB − BA. It is clearly not possible to satisfy these equations for numbers αi and β. Instead,
Dirac defined n× n for αi and β and ψ to be a column vector. One can show that (13) requires that

trαi = trβ = 0 (14)

and that the eigenvalues of all matrices need to be ±1. Therefore, n needs to be even. The simplest case
of n = 2 has only three independent matrices, the Pauli matrices

σx =

(︃
0 1
1 0

)︃
, σy =

(︃
0 −i
i 0

)︃
, σz =

(︃
1 0
0 −1

)︃
, (15)
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which is not enough. Therefore, the simplest solution is n = 4, for example,

αi =

(︃
0 σi

σi 0

)︃
, β =

(︃
12×2 0
0 −12×2

)︃
. (16)

Note that the σi and the 12×2 here are both 2×2 matrices and that this block notation is just a shorthand
notation. In the future, I will drop the 2× 2 subscript. It is customary to collect these matrices as

γ0 = β , γi = βαi (17)

and to define γµ = (γ0, γ⃗) as a new Lorentz vector where each component is a 4×4 matrix. The condition
(13) then becomes

{γµ, γν} = γµγν + γνγµ = 2gµν . (18)

With these matrices we can now write down the Dirac equation by multiplying (11) with γ0

(iγµ∂µ −m 14)ψ(t, x⃗) = (iγ · ∂ −m)ψ(x) = 0 . (19)

In momentum space, i.e. setting ∂µ → −ipµ via Fourier transformation, this becomes

(γ · p−m)ψ̃(p) = 0 . (20)

These matrices are an example of a Clifford algebra. In fact, any set of matrices that fulfils (18) can
be used to construct the Dirac equation. The representation in (16) is just an example, known as the
Dirac representation. It is possible to find another representation by transforming

α′
i = UαiU

−1 , and β′ = UβU−1 , (21)

where U is a unitary matrix.
We mentioned in passing that ψ(x) is a column vector rather than a scalar. This means that it

contains more than one degree of freedom. Dirac exploited this property to interpret his equation as the
wave equation for spin-1/2 particles, fermions, which can be either spin-up or spin-down. The column
vector ψ is known as a Dirac spinor, and the matrices γµ operate on these Dirac spinors.

1.2.2 Negative energy solutions

Compare the Schrödinger equation (4) to the Dirac equation. This gives the Hamiltonian for a free
fermion as

H = −iα⃗ · ∇⃗+ β m . (22)

The trace of the Hamiltonian gives us the sum of the energy eigenvalues for all internal degrees of
freedoms. Since α⃗ and β assumed to be traceless, the eigenvalues of H must sum to zero. Therefore, we
still have negative energy solutions, just like the KG equation!

Dirac’s solution to this problem is called the Dirac sea, cf. Figure 1. The negative-energy states are
real but the vacuum is defines as the having all of those states already filled. This solves the practical
problems because observations rely on energy differences but leaves a vacuum with infinite negative charge
and energy.

Since it can be shown that fermions follow Pauli’s exclusion principle (spin-statistics theorem: particles
that use anti-commutators rather than commutators have spin 1

2 ), a positive-energy electron cannot fall
into the negative-energy sea. It is however possible to excite on the negative-energy states into a positive-
energy state, leaving behind a hole. This hole can be interpreted as a state with positive energy and
positive charge, called a positron. Dirac predicted the existence of these particles in 1927 and they were
experimentally confirmed in 1932.

A more consistent solution to this problem that also covers the KG equation was proposed later by
Feynman and Stückelberg, based on considering the plane wave solution (3) which has a term E · t. Their
idea is to consider a particle that has E > 0 to propagate forwards in time and a particle with E < 0 to
propagate backwards in time.
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E

+m

−m

Figure 1: The energy levels in the Dirac sea picture. They must satisfy |E| > m, but negative-energy
states are allowed. The vacuum (left) is the state in which all negative-energy levels are filled.

2 Spin

In the previous section, we introduced the Dirac spinor as a solution to the Dirac equation. Now we will
investigate this further and try to understand what the different components are.

2.1 Plane-Wave Solutions of the Dirac Equation

Let us try and solve the free Dirac equation in terms of plane waves. Since we expect both positive and
negative energy solutions, we can make an ansatz

ψ(+)
r = e−ip·xur(p) , ψ(−)

r = e+ip·xvr(p) . (23)

This leads to two different momentum-space version of the Dirac equation

(γ · p−m)ur(p) = (−γ · p−m)vr(p) = 0 . (24)

In the restframe of the particle where p = (m, 0, 0, 0), we have

(γ0 − 1)u(0) = (γ0 + 1)v(0) = 0 . (25)

We can find explicit answers for the spinors using the explicit representation of (16)

u1(0) = N

⎛⎜⎜⎝
1
0
0
0

⎞⎟⎟⎠ , u2(0) = N

⎛⎜⎜⎝
0
1
0
0

⎞⎟⎟⎠ , v1(0) = N

⎛⎜⎜⎝
0
0
1
0

⎞⎟⎟⎠ , v2(0) = N

⎛⎜⎜⎝
0
0
0
1

⎞⎟⎟⎠ . (26)

Note that we have not one but two solution for each direction of p. One can show that these correspond
to the two spin directions. At this point the normalisation factor N is a free parameter. It turns out that
N =

√
2m but it is possible to modify the following equations to accommodate another normalisation.

To turn these into solutions for u(p), we could perform a Lorentz boost. Alternatively, we can note
that

(γ · p−m)(γ · p+m) = (p2 −m2) , (27)

to write

ur(p) ∝ (γ · p+m)ur(0) , vr(p) ∝ (−γ · p+m)vr(0) . (28)

This is a solution of the Dirac equation because we get zero if we left-multiply with γ ·p−m since p2 = m2.
A suitable normalisation would be

ur(p) =
γ · p+m√︁
2m(m+ p0)

ur(0) , vr(p) =
−γ · p+m√︁
2m(m+ p0)

vr(0) , (29)

since it leads to be the “boost operator” to be normalised, i.e. for p⃗→ 0, the fraction has components of
one.

6



2.2 Spin and helicity

Each of the two Dirac spinors has two linearly independent solutions which we claimed are the two
possible spin states of a fermion. To verify this, we will try and define the spin operator that measures
the spin of a fermion. In the particle’s rest frame, we had

u1 =

⎛⎜⎜⎝
1
0
0
0

⎞⎟⎟⎠ and u2 =

⎛⎜⎜⎝
0
1
0
0

⎞⎟⎟⎠ . (30)

These have eigenvalues ± 1
2 under the matrix

1

2

(︃
σz 0
0 0

)︃
(31)

Repeating the same for anti-particles, we have the spin operator

S⃗ =
1

2

(︃
σ⃗ 0
0 σ⃗

)︃
. (32)

You can easily verify that S⃗2 = 3/4 as expected. We can therefore conclude that, at least in the rest
frame, the top two components of ψ describe a spin up (Sz = +1/2) and spin down (Sz = −1/2) state,
respectively.

To generalise this to general p⃗, we can project the spin-operator along the direction of motion. This
is called the helicity operator

h(p⃗) =
1

|p⃗|

(︃
σ⃗ · p⃗ 0
0 σ⃗ · p⃗

)︃
. (33)

This satisfies h(p⃗)2 = 1 and therefore has eigenvalues ±1.

2.3 Properties of spinors

To generate an equation for anti-particles, we first take the Hermitian conjugate of the Dirac equation
and find

ψ†(−iγ0
←−
∂ 0 − iγi

←−
∂ i −m) = 0 . (34)

Here we have used the fact that γ0† = γ0 and γi† = −γi. The arrow over the derivative means that it
acts to the left rather than to the right. We can rearrange this slightly by multiplying from the right
with γ0 and defining ψ̄ = ψ†γ0

ψ†(−iγ0γ0
←−
∂ 0 − iγiγ0

←−
∂ i −m)

∗
= ψ†(−iγ0γ0

←−
∂ 0 + iγ0γi

←−
∂ i −m) = ψ̄(−iγ ·

←−
∂ −m) = 0 . (35)

At ∗, we have used that {γ0, γi} = 0. This can be understood by interpreting ψ̄ as the wave function of
an anti-particle.

One can show by explicit calculation that the choice of normalisation in (29) is orthonormal, i.e. that

ur(p)
†γ0us(p) = ūr(p)us(p) = 2mδrs ,

vr(p)
†γ0vs(p) = v̄r(p)vs(p) = −2mδrs ,

ur(p)
†γ0vs(p) = ūr(p)vs(p) = vs(p)

†γ0ur(p) = v̄s(p)ur(p) = 0 .

(36)

Further, we can show that (completeness relation)∑︂
r=1,2

ur(p)ūr(p) = γ · p+m and
∑︂
r=1,2

vr(p)v̄r(p) = γ · p−m. (37)
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2.4 Lorentz transformation

We still need to define how ψ changes under Lorentz transformation, similarly to what we did for ϕ in (9)
We define

ψ(x)→ ψ′(x′) = ψ′(Λx) = S(Λ)ψ(x) (38)

with a suitable matrix S(Λ). Similarly for ψ̄

ψ̄(x)→ ψ̄′(x′) = ψ̄(x)γ0S(Λ)†γ0 . (39)

S is determined by requiring that the Dirac equation is Lorentz invariant. It is easy to see that if
{γµ, γν} = gµν then also the matrices (γ′)µ = Λµνγ

ν will. This means that they, too, are a representation
of the Clifford algebra. One can now show that

(γ′)µ = Λµνγ
ν = S(Λ)−1γµS(Λ) . (40)

This is called Pauli’s fundamental theorem. Therefore,(︁
i∂′µγ

µ −m
)︁
ψ′(x′) =

(︂
iΛ ν
µ ∂νγ

µ −m
)︂
S(Λ)ψ(x) (41)

= S(Λ)
(︂
iΛ ν
µ ∂ν S(Λ)

−1γµS(Λ)⏞ ⏟⏟ ⏞
(γ′)µ

−m
)︂
ψ(x) (42)

= S(Λ)
(︂
iΛ ν
µ Λµρ∂νγ

ρ −m
)︂
ψ(x) = S(Λ)(i∂νγ

ν −m)ψ(x) = 0 . (43)

(40) is enough to fully specify the S(Λ) matrix and we will not need an explicit form. It follows as well
that

S†(Λ) = γ0S−1γ0 (44)

and therefore the transformation of ψ̄ is also fine. The fact that S−1(Λ) ̸= S†(Λ) is not surprising,
and is due to the fact that the Lorentz group is non-compact, and therefore it does not admit unitary
finite-dimensional representations.

It is very common to construct bi-linear products ψ̄Γψ with some 4 × 4 matrix Γ. Since Γ has
16 = 42 degrees of freedom, we need 16 linearly independent elements to form a basis out of which we
can construct any Γ. It turns out that it is possible to classify these 16 matrices very neatly by their
behaviour under Lorentz transformations. We have

one scalar The case of Γ = 1 transforms as

ψ̄ψ → ψ̄S−1(Λ)S(Λ)ψ = ψ̄ψ . (45)

four vectors The cases of Γ = γµ correspond to four different basis entries that all transform the same
way

ψ̄γµψ → ψ̄S−1(Λ)γµS(Λ)ψ = Λµν(ψ̄γ
νψ) . (46)

six tensors By combining two γ matrices, we can construct more elements. Rather then setting Γ =
γµγν which is not linearly independent due to (18), we instead choose

Σµν =
i

4
[γµ, γν ] (47)

as our six basis elements. These transform as follows

ψ̄Σµνψ → ψ̄S−1(Λ)
i

4
[γµ, γν ]S(Λ)ψ = ΛµρΛ

ν
σ(ψ̄Σ

ρσψ) . (48)
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To find the remaining five elements, we need to define one more matrix, in addition to our four normal
γµ. Traditionally called γ5,

γ5 = iγ0γ1γ2γ3 =
i

4!
εµνρσγ

µγνγργσ =

(︃
0 1
1 0

)︃
. (49)

The last equality here is again assuming the Dirac representation. Independent of the explicit represen-
tation, one can show that

(γ5)2 = 1 , {γ5, γµ} = 0 , (γ5)† = γ5 . (50)

Using it, we can define

one pseudo-scalar The case of Γ = γ5 transforms as

ψ̄γ5ψ → ψ̄S−1(Λ)
i

4!
εµνρσγ

µγνγργσS(Λ)ψ (51)

= ψ̄
i

4!
εµνρσΛ

µ
αΛ

ν
βΛ

ρ
γΛ

σ
δγ
αγβγγγδψ (52)

∗
= (detΛ) ψ̄iΛ0

αΛ
1
βΛ

2
γΛ

3
δγ
αγβγγγδψ = detΛ ψ̄γ5ψ , (53)

where we have used at ∗ the fact that the determinant of a matrix can be written using the ε tensor.

four pseudo-vectors The cases of Γ = γ5γµ correspond to four different basis entries that all transform
the same way

ψ̄γ5γµψ → (detΛ)Λµν(ψ̄γ
5γνψ) . (54)

The presence of detΛ in these last two classes gives these objects the pseudo prefix that means they swap
sign for improper transformations.

The most common use of γ5 is in the projectors PL = (1 − γ5)/2 and PR = (1 + γ5)/2. You can
check explicitly that these behave like projectors (ie. P 2 = P and PLPR = 0). When these act upon a
Dirac spinor they project out either the component with “left-handed” chirality or with “right-handed”
chirality. These projectors therefore appear when considering weak interactions, for example, asW bosons
only couple to left-handed particles. One has to take care when defining the handedness of antiparticles
because

ψ̄L = ψ†
Lγ

0 = ψ†PLγ
0 = ψ†γ0PR = ψ̄PR . (55)

A left-handed anti-particle appears with a right-handed projection operator next to it and vice-versa.

3 Quantum Electrodynamics

In this section, we will develop the theory of quantum electrodynamics (QED) which describes the
interaction between electrically charged fermions and a vector field, i.e. the photon Aµ.

3.1 The QED Lagrangian

In this course, we have so far considered spin-0 and spin-1/2 particles. We will postpone a detailed
discussion of spin-1 particles until Section 3.2. For the time being, we start from the Maxwell’s equations
in the vacuum in relativistic notation (cf. Appendix A for a derivation from first principle)

∂µF
µν = Jν , where Fµν = ∂µAν − ∂νAµ . (56)

Jν is a conserved current, i.e. ∂νJ
ν = 0, and Aµ = (ϕ, A⃗) is the four-potential. Maxwell’s equations

originate from the following Lagrangian

L = Lem + Lint = −
1

4
FµνFµν − JµAµ , (57)
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by evaluating the Euler-Lagrange equations

0 = ∂µ
∂L

∂(∂µAν)
− ∂L
∂Aν

= −∂µFµν + Jν . (58)

The Dirac equation also originates from a Lagrangian

LDirac = ψ̄(iγµ∂µ −m)ψ . (59)

We obtain the free part of the QED Lagrangian by summing Lem and LDirac. However, to get a realistic
theory, we need something that couples the photon field A to the spinor ψ. The derivation of Appendix A
shows that there is only one valid way of doing this which is to keep Lint untouched and to set

Jµ = −eψ̄γµψ . (60)

This makes a lot of sense. The resulting Lagrangian still follows Maxwell’s equation and, unlike ψ̄γ5γµψ,
ψ̄γµψ is a conserved current

∂µJ
µ = (∂µψ̄)γ

µψ + ψ̄γµ(∂µψ) = (−mψ̄)ψ + ψ̄(mψ) = 0 , (61)

where we have used the Dirac equation. The quantity −e multiplies the vector current so as to be sure
that the resulting Coulomb potential arising from the solution of the static Maxwell’s equations is the
expected one.

We can now write down the complete QED Lagrangian

L = Lem + LDirac + Lint = −
1

4
FµνFµν + ψ̄(iγµ∂µ −m)ψ + eψ̄γµψ Aµ . (62)

Notice how L is invariant with respect to the gauge transformation

ψ(x)→ ψ′(x) = eiα(x)ψ(x) , Aµ(x)→ A′
µ(x) = Aµ(x)−

1

e
∂µα(x) . (63)

This is called a local U(1) symmetry because we add a different phase eiα(x) at every point in spacetime
and it is the starting point of the derivation in Appendix A. We can also write L more compactly as

L = −1

4
FµνFµν + ψ̄(iγµDµ −m)ψ , (64)

where we have defined the gauge-covariant derivative

∂µ → Dµ = ∂µ − ieAµ . (65)

This idea of substituting p→ p−qA is called minimal coupling and is also how one can derive the Lorentz
force in classical electrodynamics. The consequences of this idea will be covered in more detail in the
Standard Model course.

The gauge invariance (63) means that there are unphysical degrees of freedom in Aµ. This is clear from
the fact that the massless photon has two physical polarisations but Aµ has four degrees of freedom. In
order to eliminate this degeneracy, a gauge fixing condition is required. A possible choice is the Coulomb
gauge which requires ∇ · A⃗ = 0. While this works, it break Lorentz invariance. Another example is the
Lorenz gauge (not to be confused with Lorentz)

∂µA
µ = 0 . (66)

In this gauge, free Maxwell equation is ∂µ∂
µAν = 0.

Note how the Lorenz gauge only reduces the number of degrees of freedom to three so that there is
still one unphysical mode which we can parametrise by

Aµ → A′
µ = Aµ + ∂µχ , with ∂µ∂µχ = 0 . (67)
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In the classical case, we would normally remove this remaining degree of freedom by hand. In the quantum
case, this does not work because it breaks the covariant canonical commutation relations. The strategy
is instead to introduce a gauge-fixing term to the Lagrangian

Lgf = −
1

2ξ
(∂µA

µ)2 , (68)

with the gauge parameter ξ. Using this Lagrangian as a starting point, and an extra condition on physical
states, only the two physical polarisations propagate on-shell. The Euler-Lagrange equation for Aν now
read

∂µ∂
µAν −

(︂
1− 1

ξ

)︂
∂ν(∂µA

µ) = 0 . (69)

If ξ is left symbolic, this is referred to the Rξ gauge. Specific values of ξ include

ξ = 0 This recovers the Lorenz gauge.

ξ =∞ This is called the unitary gauge and it has certain advantages when dealing with massive vector
bosons.

ξ = 1 This is called the Feynman gauge and it is by far the most common.

3.2 Photons

We also briefly need to discuss photons in more detail. The plane-wave solution that we found in (3)
and (23) looks like

Aµ(x) = ϵµ(k)e−ik·x (70)

for photons where ϵµ is the polarisation vector. This has a similar role to the v and u in the case of
spinors in (23) and the A coefficient in (3). In the Lorenz gauge of (66) the equation of motion

∂µ∂
µAν = 0 (71)

is automatically satisfied as long as k2 = 0. Further, we have from the gauge condition itself

∂µA
µ ∝ k · ϵ(k) = 0 . (72)

However, this still does not fully determine the polarisation vector since, if ϵ is a solution than so is
ϵ′ = ϵ + λk. This corresponds to the propagation of an extra unphysical longitudinal photon, with a
polarisation proportional to kµ. This can be fixed by setting ϵ0 = 0 such that k⃗ · ϵ⃗ = 0. The two
remaining polarisations are in transverse direction and can be chosen orthonormal.

3.3 Feynman rules

Feynman diagrams are a very useful tool for organising expressions for scattering amplitudes, even if it has
certain downsides. These are constructed from vertices, each corresponding to a term in the interaction
Lagrangian Lint, and edges between vertices called propagators. To calculate a scattering amplitude iM
we therefore draw all possible diagrams with the correct initial and final states. To turn a diagram into
a mathematical equation, we use Feynman rules.

As part of the quantum field theory (QFT) course in this school, you will learn how to derive these
for a scalar ϕ4 theory. It is possible, if unwieldy, to do the same for QED so we will just assume the
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Feynman rules given and learn how to use them.

For each internal fermion a
p

b =

(︃
i

γ · p−m+ iϵ

)︃
ab

, (73a)

For each internal photon ν
p

µ =
−i

p2 + iϵ

(︄
gµν − (1− ξ)pµpν

p2

)︄
, (73b)

For each vertex µ

a

b

= −ieγµab , (73c)

For each external photon µ
p

= ϵ∗µ(p) (final) , (73d)

For each external photon µ
p

= ϵµ(p) (initial) , (73e)

For each external fermion a
p

=
(︁
ūs(p)

)︁
a

(final) , (73f)

For each external fermion a
p

=
(︁
us(p)

)︁
a

(initial) , (73g)

For each external antifermion a
p

=
(︁
vs(p)

)︁
a

(final) , (73h)

For each external antifermion a
p

=
(︁
v̄s(p)

)︁
a

(initial) . (73i)

A few comments are now necessary

� Individual pieces of a Feynman diagram are a mixture of matrices, vectors, co-vectors and scalars.
They do not commute. The final amplitude is a number and therefore you must follow each fermion
line from a spinor (either outgoing particle or incoming anti-particle) through the series of matrices
to finish on an anti-spinor (either incoming particle or out-going anti-particle). This corresponds to
working backwards along the fermion line. We will see this in the examples which follow. Similarly,
all Lorentz indices corresponding to photons have to be contracted.

� The photon propagator term was given with a free parameter ξ. This is due to the gauge freedom we
discussed in the previous section. It does not represent a physical degree of freedom and therefore
any calculation of a physical observable will be independent of ξ. We will most commonly work in
Feynman gauge, i.e. ξ = 1.

� The propagators come with factors of iϵ in the denominator, otherwise they would have poles on
the real axis and any integral over p would not be well-defined. The factor of iϵ prescribes which
direction to travel around the poles. This choice corresponds to the Feynman prescription, which
ensures causality.

� The interaction vertex contains only one flavour of fermion. We know that the emission of a photon
does not change an electron to a quark for example. Weak interactions do change the flavour of the
quarks, but QED and quantum chromodynamics (QCD) do not.

� There are additional factors of (−1) in the following scenarios:

– an anti-fermion line runs continuously from an initial to a final state;

– there is a closed fermion loop;

– between diagrams with identical fermions in the final state.

These arise from the anti-commutation properties of fermionic operators which is beyond the scope
of this course. This sign can be important to get the relative phase between diagrams correct, as
happens for instance in Bhabha scattering.
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3.4 Example: electron-muon scattering

As a first process, let us consider the process

e−(p1)µ
−(p2)→ e−(p3)µ

−(p4) . (74)

If you want, you can think about this in the classical limit where an electron scatters on the potential of
a much heavier particle (the muon). This means we are calculating the Coulomb potential using QFT

We start this by drawing the internal and external particles and then need to find all possible ways to
connect them. Since we are doing perturbation theory, we assume that e ≪ 1, i.e. we need to prioritise
diagrams with fewer powers of e. There is no way to connect a muon directly to an electron, we need to
use a photon. There is just a single t-channel diagram that does not have more than e2 so the amplitude
is for now

M =

p1 p3

p2 p4

µ

ν

p2 − p4 . (75)

If we wanted to, we could calculate higher order corrections that have e4 or more. This will involve
diagrams with loops that will be covered in the phenomenology course. Had we decided to calculate
e−e− → e−e− instead of e−µ− → e−µ− we would have two diagrams (find them!) which we would have
to add.

Let us now evaluate this diagram. Following the spin lines of the electron and muon backwards, we
find

M =
[︂
ūs3(p3)

(︁
ieγµ

)︁
us1(p1)

]︂ −igµν
(p2 − p4)2 + iϵ

[︂
ūs4(p4)

(︁
ieγν

)︁
us2(p2)

]︂
(76)

=
ie2

(p2 − p4)2 + iϵ

[︂
ūs3(p3)γ

µu11(p1)
]︂[︂
ūs4(p4)γµus2(p2)

]︂
. (77)

Here, we have used Feynman gauge ξ = 1. Just as in quantum mechanics, in order to compute the
probability of this process happening, we must calculate |M|2.

|M|2 =
e4[︁

(p2 − p4)2
]︁2 [︂ūs3(p3)γνus1(p1) ūs4(p4)γνus2(p2)]︂†[︂ūs3(p3)γµus1(p1) ūs4(p4)γµus4(p2)]︂ . (78)

Note how we have introduced a new index for the [· · · ]† part to avoid having the same index more than
twice. Let us first work on the first bracket [· · · ]† and use that[︂

· · ·
]︂†

=
[︁
us1(p1)

]︁†[︁
γν
]︁†[︁
ūs3(p3)

]︁† [︁
us2(p2)

]︁†[︁
γν
]︁†[︁
ūs4(p4)

]︁†
(79)

= ūs1(p1)γ
0 γ0γνγ0 γ0us3(p3) ūs2(p2)γ

0 γ0γνγ
0 γ0us4(p4) (80)

= ūs1(p1)γ
νus3(p3) ūs2(p2)γνus4(p4) . (81)

This means we now have after re-bracketing things

|M|2 =
e4[︁

(p2 − p4)2
]︁2 [︂ūs1(p1)γνus3(p3) ūs3(p3)γµus1(p1)]︂[︂ūs2(p2)γνus4(p4) ūs4(p4)γµus2(p2)]︂ . (82)

In order to describe an unpolarised physical scattering process, we will average over initial-state spins
and sum over final-state spins. Consider for a moment only the us3(p3 )̄̄us3(p3) and sum over s3∑︂

s3

us3(p3 )̄̄us3(p3) = u1(p3)ū1(p3) + u2(p3)ū2(p3) = γ · p3 +m, (83)
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where we have used the completeness relation. To make use of this also for s1, remember that the bracket
is a number in spinor space. This means we can do the following rearrangement

ū(p1) · · ·u(p1) = tr
[︂
ū(p1) · · ·u(p1)

]︂
= tr

[︂
u(p1)ū(p1) · · ·

]︂
= tr

[︂(︁
γ · p1 +m

)︁
· · ·
]︂
. (84)

This is sometimes referred to the Casimir trick and it is essential to calculating matrix elements with
traces. Therefore,∑︂

s1,s3

ūs1(p1)γ
νus3(p3) ūs3(p3)γ

µus1(p1) = tr
[︂
(γ · p1 +m)γν(γ · p3 +m)γµ

]︂
. (85)

And similarly for the muon line∑︂
s2,s4

ūs2(p2)γνus4(p4) ūs4(p4)γµus2(p2) = tr
[︂
(γ · p2 +M)γν(γ · p4 +M)γµ

]︂
. (86)

We now can expand and calculate these traces using the identities from Appendix C∑︂
s1,s3

[︂
· · ·
]︂
= p1,ρp3,σtr

[︂
γργνγσγµ

]︂
+m tr

[︂
γ · p1 γν γµ

]︂
+m tr

[︂
γν γ · p3 γµ

]︂
+m2tr

[︂
γνγµ

]︂
(87)

= p1,ρp3,σ4
(︂
gρµgσν − gρσgµν + gρνgµσ

)︂
+m24gνµ

= 4pν1p
µ
3 + 4pµ1p

ν
3 − 4(p1 · p3 −m2)gµν . (88)

And for the muon line ∑︂
s2,s4

[︂
· · ·
]︂
= 4p2,νp4,µ + 4p2,µp4,ν − 4(p2 · p4 −M2)gµν . (89)

Therefore, for |M|2∑︂
si

|M|2 =
16e4[︁

(p2 − p4)2
]︁2 [︂pν1pµ3 + pµ1p

ν
3 − (p1 · p3 −m2)gµν

]︂[︂
p2,νp4,µ + p2,µp4,ν − (p2 · p4 −M2)gµν

]︂
(90)

=
32e4[︁

(p2 − p4)2
]︁2(︂(p1 · p2) (p3 · p4) + (p1 · p4) (p2 · p3)−M2(p1 · p3)−m2(p2 · p4) + 2m2M2

)︂
.

(91)

We can re-write this using the Mandelstam variables

s = (p1 + p2)
2 = (p3 + p4)

2 , t = (p1 − p3)2 = (p2 − p4)2 , u = (p1 − p4)2 = (p2 − p3)2 . (92)

These can be solved for the different scalar products appearing in (91). Also note that, due to momentum
conservation p1 + p2 = p3 + p4, s, t, and u are not independent. You can easily show that s + t + u =
2m2 + 2M2. With these,∑︂

si

|M|2 =
8e4

t2

(︂
(s−m2 −M2)2 + (u−m2 −M2)2 + 2t (m2 +M2)

)︂
. (93)

Since we need to average over the initial states, rather than sum, we need to divide by 2 for s1 and 2 for
s2, i.e.

1

4

∑︂
si

|M|2 =
2e4

t2

(︂
(s−m2 −M2)2 + (u−m2 −M2)2 + 2t (m2 +M2)

)︂
. (94)

The above equation gives the probability that the corresponding process occurs at a given point in phase
space. In the next section, we will derive how to calculate a total cross section (or a total decay width)
from amplitudes squared.
You can find a video description of this at pcwww.liv.ac.uk/~yulrich/manim/qft/ee2mm.
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3.5 Photons, Pt. II

Consider the Feynman rules (73d) and (73e). These mean that the amplitude for a process with external
photons can be written as

M =Mµϵ(∗)µ (k) . (95)

M is a physical quantity and therefore needs to be gauge invariant. We should therefore be able to set
ϵ+ λ k which means

Mµkµ = 0 . (96)

This is called the Ward identity for QED and it is a very strong test of gauge invariance. If we were
to square this amplitude and sum over transverse polarisation of the photon (for initial photons for
simplicity)

2∑︂
α=1

⃓⃓
M
⃓⃓2

=

2∑︂
α=1

⃓⃓
Mµϵαµ(k)

⃓⃓2
=MµM∗ν

2∑︂
α=1

ϵαµ(k)ϵ
∗α
ν (k) . (97)

We now are in need for another completeness relation, just like we had for the spinors with uū (37). Since
ϵ0 = 0 per assumption, we can write

2∑︂
α=1

ϵ⃗αi
(︁
ϵ⃗αj
)︁∗

= δij − k̂ik̂j , where k̂ =
k⃗

|⃗k|
=

k⃗

k0
. (98)

Note how the indices i and j are only over spatial components. The polarisation-summed amplitude
becomes

2∑︂
α=1

⃓⃓
M
⃓⃓2

=MiM∗j
(︂
δij − k̂ik̂j

)︂
=MiM∗i −Mik̂i M∗j k̂j , (99)

From the Ward identity, it follows thatMiki =M0k0 orMik̂i =M0. We can therefore write

2∑︂
α=1

⃓⃓
M
⃓⃓2

=MiM∗i −M0 M∗0 = −MµM∗νgµν . (100)

This suggest a convenient shorthand of setting

2∑︂
α=1

ϵαµϵ
∗α
ν → −gµν . (101)

Note that this is not an equality without the rest of the matrix element there.

4 Cross Sections

To be able to compare our calculated amplitudes to experimental data, we need to a bit more work.
We currently have a way to calculating the scattering amplitude for a single phase space point but we
need to integrate this over (regions of) phase space to be able to make real predictions. For a scattering
process this is referred to cross section and for a decay process it is the decay width. These are obtained
by integrating the matrix element squared over all possible momenta and multiply with the correct flux.

4.1 Phase space

We must integrate over all possible four-momenta of each particle involved. While doing so we must
ensure that all particles are on-shell, i.e. p2i = m2

i , that their energies are positive p0i > 0 (this is still
Lorentz invariant!), and that momentum is conserved

∑︁
pini =

∑︁
pouti .
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Let us begin with the phase space of a single particle. The requirements set out above can be
implemented with a δ function and a Θ function

dϕi =
d4pi
(2π)4

(2π)δ(p2i −m2
i )Θ(p0i ) =

d4pi
(2π)4

(2π)δ
(︂
(p0i )

2 − p⃗2i −m2
i

)︂
Θ(p0i ) . (102)

The δ function can be used to solve the p0i integral – almost. We first need to use the following identity
(convince yourself that this is true)

δ(x2 − α2) =
1

|2α|

[︂
δ(x+ α) + δ(x− α)

]︂
. (103)

Therefore,

dϕi =
d4pi

(2π)4|2p0i |
(2π)

[︃
δ
(︂
p0i −

√︂
p⃗2i +m2

i

)︂
+ δ
(︂
p0i +

√︂
p⃗2i +m2

i

)︂]︃
Θ(p0i ) (104)

=
d4pi

(2π)42p0i
(2π)δ

(︂
p0i −

√︂
p⃗2i +m2

i

)︂
=

d3pi
(2π)32p0i

, (105)

where we have used the Θ function requiring p0i > 0. The condition that the particle must be on-shell, i.e.

p0i =
√︁
p⃗2i +m2

i is now implicit and for the sake of readability keep p0i in the denominator. This object is
manifestly Lorentz invariant even if it does not look like it is. Therefore it is called the Lorentz-invariant
phase space (LIPS). The total phase space is now

dΦ =
(︂∏︂

i

dϕi

)︂
(2π)4δ(4)

(︂
pin −

∑︂
i

pi

)︂
(106)

To calculate a cross section, we need to add a flux factor that accounts for the amount of incoming
particles. For scattering, this is usually given as (see Appendix B for a short derivation)

F =
1

(2E1)(2E2)|v⃗1 − v⃗2|
=

1

4
√︁
(p1 · p2)2 −m2

1m
2
2

. (107)

Here, Ei and v⃗i are the energies and velocities of the incoming particles. The second version is equivalent
but a bit easier to work with. Note that despite only depending on Lorentz invariant quantities like p1 ·p2
and m2

i , F is only invariant for boosts along the beam axis. For boosts along any other axis, it is not
invariant which fits well with our intuition of cross-sectional areas.

The cross section is therefore

σ =

∫︂
F × dΦ×

∑︂
|M|2 , (108)

where the sum averages over initial states and sums over final states. For a decay width, the flux is
instead

F =
1

2M
, (109)

so that

Γ =
1

2M
× dΦ×

∑︂
|M|2 . (110)

It is useful to remember the phase space for a 1→ 2 or 2→ 2 process. With incoming momentum P
and outgoing momenta p1 and p2,

dΦ = dϕ1dϕ2 (2π)4δ(4)(P − p1 − p2) =
d3p1

(2π)32p01

d3p2
(2π)32p02

(2π)4δ(4)(P − p1 − p2) . (111)

We can use three of the four δ functions to perform the integration over p2

dΦ =
d3p1

(2π)32p01

1

2p02
(2π)δ(P 0 − p01 − p02) . (112)
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We require here that p0i =
√︁
p⃗2i +m2

i and that p⃗2 = −p⃗1 in the rest frame of P (this is often called the
centre-of-mass frame). Next, we use spherical coordinates to write d3p1 = |p⃗1|2d|p⃗1| dΩ.

dΦ =
|p⃗1|2d|p⃗1| dΩ
(2π)32p01

1

2p02
(2π)δ(P 0 − p01 − p02) . (113)

After an annoying but not particularly difficult calculation, we arrive at

dΦ =
1

16π2

|p⃗1|
P 0

dΩ . (114)

The momentum |p⃗i| is

|p⃗1| = |p⃗2| =

√︂(︁
(P 0)2 − (m1 +m2)2

)︁(︁
(P 0)2 − (m1 −m2)2

)︁
2P 0

. (115)

4.2 Example: electron-muon scattering

We can continue our discussion from Section 3.4 and calculate the cross section. Using the above result
for the phase space and P 0 =

√
s, we have

dσ

dΩ
= F 1

16π2

|p⃗1|
P 0

2e4

t2

(︂
(s−m2 −M2)2 + (u−m2 −M2)2 + 2t (m2 +M2)

)︂
. (116)

For simplicity we will set m =M = 0. Then we can write

t = −s sin2
θ

2
, u = −s cos2

θ

2
. (117)

And therefore, with α = e2/4π

dσ

dΩ
=
α2

2s

1 + cos4(θ/2)

sin4(θ/2)
. (118)

4.3 Example: e+e− annihilation

The calculation we have just performed is very similar to the one needed for

e+(p1)e
−(p2)→ µ+(p3)µ

−(p4) . (119)

Although this now involves anti-particles, there is still one single diagram at leading-order and the trace
algebra is very similar. Indeed we can re-interpret the incoming e+ as an outgoing e− with momentum
−p1 and the outgoing µ+ as an incoming µ− with momentum −p3. Then we find⃓⃓⃓

M(e+(p1)e
−(p2)→ µ+(p3)µ

−(p4))
⃓⃓⃓2

=
⃓⃓⃓
M(e−(p2)µ

−(−p3)→ e−(−p1)µ−(p4))
⃓⃓⃓2

(120)

This is an example of crossing symmetry. Note in general that there is an additional minus sign for each
fermion which swaps from the initial to final state or vice versa. This is because, for example,∑︂

s1

us1(p1)ūs1(p1) = γ · p1 +m −→
∑︂
s1

vs1(−p1)v̄s1(−p1) = −γ · p1 −m = −(γ · p1 +m) . (121)

In this case there are two minus signs whose combined effect gives just one.
We can therefore recycle our old calculation and write for m = 0 and M > 0∑︂

si

|M|2 =
8e4

s2

(︂
2M4 − 4M2t+ s2 + 2st+ 2t2

)︂
= 4q4

(︂
2− (1− cos2 θ)β2

)︂
, (122)

where we have rewrite the Mandelstam variable t as

t = (p1 − p3)2 =
s

2

(︂
− 1 + β2

2
+ β cos θ

)︂
with β =

√︃
1− 4M2

s
(123)
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The cross section is

dσ

dΩ
=
α2

4s
β
(︂
2− (1− cos2 θ)β2

)︂
. (124)

The cross section is

dσ

dΩ
=
α2

4s
β
(︂
2− (1− cos2 θ)β2

)︂
. (125)

We can now convert the above result to a total cross section by performing the integral over the solid
angle. This gives

σ(e+e− → µ+µ−) =
4πα2

3s
. (126)

Now, when an electron and positron annihilate, other fermions may be produced. If these are quarks,
they are then observed in the detector as hadrons. The same calculation gives

σ(e+e− → hadrons) =
4πα2

3s
Nc

nf∑︂
i=1

Q2
i , (127)

plus higher-order corrections, where there are Nc colours in each of the nf massless flavours of quarks
with charge Qi. Therefore the ratio

R =
σ(e+e− → µ+µ−)

σ(e+e− → hadrons)
(128)

has been used to measure the number of colours to be Nc = 3.

4.4 Example: Compton scattering

Let us calculate another process in QED, namely Compton scattering

e(p1)γ(p2)→ e(p3)γ(p4) . (129)

We can follow the same recipe as above and calculate the two diagrams

M =

p1 p3

p1 + p2
p2 p4

+

p1

p3

p1 − p4

p4

p2

(130)

= −ie2ϵ∗µ(p4) ϵν(p2) ū(p3)

(︄
γµ
γ · (p1 + p2) +m

(p1 + p2)2 −m2
γν + γν

γ · (p1 − p4) +m

(p1 − p4)2 −m2
γµ

)︄
u(p1) . (131)

You can check explicitly that this fulfils the Ward identity by replacing ϵ(k) with k (see tutorial sheet).
We can square the amplitude, summing over fermion spins and photon polarisations and find

∑︂
|M|2 = 8e4

(︄
p1 · p2
p1 · p4

+
p1 · p4
p1 · p2

+ 2m2

(︃
1

p1 · p2
− 1

p1 · p4

)︃
+m4

(︃
1

p1 · p2
− 1

p1 · p4

)︃2
)︄
. (132)

Here we have used the identities

γµγ
µ = 4 , γµγ

νγµ = −2γν (133)
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from the tutorial to simplify the algebra before completing the trace. We have also used the rules

p1 · p3 = m2 + p1 · p2 − p1 · p4 , p2 · p3 = p1 · p4 , (134a)

p2 · p4 = p1 · p2 − p1 · p4 , p3 · p4 = p1 · p2 , (134b)

that follow from momentum conservation. For completeness, we also give the amplitude squared for
e−(p1)e

+(p2)→ γ(p3)γ(p4) as

M =

p1

p2

p3

p4

+

p1

p2

p4

p3

(135)

= −ie2ϵ∗µ(p3) ϵ∗ν(p4) v̄(p2)

(︄
γν
γ · (p1 − p3) +m

(p1 − p3)2 −m2
γµγµ

γ · (p1 − p4) +m

(p1 − p4)2 −m2
γν

)︄
u(p1) . (136)

And for |M|2, we have

∑︂
|M|2 = 8e4

(︄
p1 · p3
p1 · p4

+
p1 · p4
p1 · p3

+ 2m2

(︃
1

p1 · p3
+

1

p1 · p4

)︃
−m4

(︃
1

p1 · p3
+

1

p1 · p4

)︃2
)︄
. (137)

This result could also have been obtained by setting p3 ↔ −p2 and swapping the sign in (131).
Working in the rest frame of the incoming electron, we have

p1 = (m, 0, 0, 0) , p2 = (ω, 0, 0, ω) , p4 = (ω′, · · · , ω′ cos θ) . (138)

We can evaluate the two scalar products we need as p1 · p2 = mω and p1 · p4 = mω′. Using (134b) which
arises from m2 = p23 = (p1 + p2 − p4)2, we can write

ω ω′(1− cos θ) = p2 · p4 = p1 · p2 − p1 · p4 = mω −mω′ . (139)

And therefore find for ω′ as a function of θ

ω′ =
ω

1 + (ω/m)(1− cos θ)
. (140)

With this, we can write |M|2 very simple as∑︂
|M|2 = 8e4

(︃
ω

ω′ +
ω′

ω
− sin2 θ

)︃
. (141)

Note that this still depends on m via the relation between ω′ and θ. Adding the flux factor and phase
space, we arrive at

dσ

dΩ
=

α2

2m2

(︃
ω′

ω

)︃2(︃
ω

ω′ +
ω′

ω
− sin2 θ

)︃
. (142)

Let us think about this result means by considering various limits

non-relativistic where ω ≪ m where ω′ ≈ ω and

dσ

dΩ

⃓⃓⃓⃓
⃓
ω≪m

=
α2

2m2

(︁
2− sin2 θ

)︁
=

α2

2m2

(︁
1 + cos2 θ

)︁
. (143)

This is the Thomson cross section for the scattering of classical electromagnetic radiation by a free
electron, which is symmetrical in the scattering angle, i.e. the photon is just as likely to scatter
backwards as forwards.

19



high-energy where ω ≫ m, we have ω′ ≈ m/(1− cos θ) and

dσ

dΩ

⃓⃓⃓⃓
⃓
ω≫m

=
α2

2m2ω

1

1− cos θ
(144)

and the cross section is strongly peaked for small angles. This leads to a logarithmic enhancement
when you perform the angular integration. These collinear logarithms arise whenever massless
particles are emitted; this will be discussed in more detail in the phenomenology course.

small angle at high energy Since ω > ω′, we have in the high-energy limit 1−cos θ > m/ω. Therefore,
if θ ≪ 1, i.e. small angle scattering,

dσ

dΩ

⃓⃓⃓⃓
⃓
ω≫m,θ≪1

=
α2

m2
. (145)

The forward (small scattering angle) Compton scattering cross section is then a valuable method
to measure the QED coupling α.

5 Strong Interactions

In this section we will develop the theory of the strong interactions, QCD. The major difference between
QED and QCD is that the gluons are self-interacting because they also carry colour charge (unlike the
charge-neutral photon). Experimental evidence suggest that each quark comes in Nc = 3 different colours.

5.1 The QCD Lagrangian

In QCD we have two types of particles that carry colour

� Six types of quarks (up, charm, top with charge +2/3e and down, strange, bottom with charge
−1/3e) with spin 1/2. For each flavour, there can be Nc = 3 of these.

� A massless, spin 1 gluon of which there are N2
c − 1 = 8 versions.

The QCD Lagrangian for a single quark with mass m is

LQCD = −1

4
(F a)µν(F a)µν + ψ̄i(iγ ·Dij −mδij)ψj . (146)

The indices a = 1, ..., N2
c − 1, and i, j = 1, ..., Nc are indices of this new colour charge and summed over.

The covariant derivative and field-strength tensors are now

Dµ
ij = ∂µδij + igst

a
ijA

aµ , (F a)µν = ∂µA
a
ν − ∂νAaµ + gsf

abcAbµA
c
ν . (147)

The ta are 3× 3 matrices in colour space which fulfil a commutation relation

[ta, tb] = ifabctc . (148)

This is similar to the angular moment [Ji, Jj ] = iεijkJk. In place of the anti-symmetric tensor we now
have the structure constants fabc that also appear in (F a)µν which is also anti-symmetric under changes
of indices but has a larger range of indices.

Just as the Ji generate the rotation group SU(2), the ta generate the colour symmetry group SU(3).
The ta are usually represented using Gell-Mann matrices λa = 2ta

λ1 =

⎛⎝0 1 0
1 0 0
0 0 0

⎞⎠ , λ2 =

⎛⎝0 −i 0
i 0 0
0 0 0

⎞⎠ , λ3 =

⎛⎝1 0 0
0 −1 0
0 0 0

⎞⎠ ,

λ4 =

⎛⎝0 0 1
0 0 0
1 0 0

⎞⎠ , λ5 =

⎛⎝0 0 −i
0 0 0
i 0 0

⎞⎠ , λ6 =

⎛⎝0 0 0
0 0 1
0 1 0

⎞⎠ ,

λ7 =

⎛⎝0 0 0
0 0 −i
0 i 0

⎞⎠ , λ8 =
1√
3

⎛⎝1 0 0
0 1 0
0 0 −2

⎞⎠ .

(149)
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In practice, we are not interested in calculating one particular colour component and instead work with
sums over all colours which ultimately leads to traces over the ta-matrices. We will see explicit examples
of this in the sections that follow and here just collect some useful identities

tr
(︁
ta
)︁
= 0 , (150a)

tr
(︁
tatb

)︁
=

1

2
δab , (150b)∑︂

a

taijt
a
jk = CF δik , (150c)∑︂

ab

fabcfabd = CAδ
cd , (150d)

where CF and CA are the Casmir operators of the fundamental representation, i.e. the quarks, and the
adjoint representation, i.e. the gluons, respectively. They evaluate to

CF =
N2
c − 1

2Nc
and CA = Nc . (151)

Note that, the label of the index matters. We have used i, j, k for the fundamental representation and a,
b, c, d for the adjoint. This is particularly important when calculating the trace of the identity matrix δ

δaa = N2
c − 1 = 8 , (152)

δii = Nc = 3 . (153)

As in QED the QCD Lagrangian follows from a gauge symmetry and requires a gauge fixing term which
we will discuss later.

5.2 Feynman rules

The Feynman rules of QCD are similar to those of QED (73) with a few simple modifications. The
propagators get a δ function in the correct representation (dropping spinor indices)

For each internal fermion j
p

k = δkj
i

γ · p−m+ iϵ
, (154a)

For each internal gluon b, ν

p
a, µ = δab

−igµν

p2 + iϵ
. (154b)

For the quark-quark-gluon vertex, we also just add a t matrix

For each qq̄g vertex µ, a

k

j

= −igsγµ takj . (154c)
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However, we now get new vertices from the fabcAbµA
c
ν term in (F a)µν .

For each ggg vertex a
pµ

b

qν

c rρ

= −gsfabc
(︂
gµν(p− q)ρ

+ gνρ(q − r)µ

+ gρµ(r − p)ν
)︂
, (154d)

For each gggg vertex

a, µb, ν

c, ρ d, σ

= −ig2s
(︂
feabfecd(gµρgνσ − gµσgνρ)

+ feacfebd(gµνgρσ − gµσgνρ)

+ feadfebc(gµνgρσ − gµρgνσ)
)︂

(154e)

The rules for the external particles remain unchanged since we treat these indices as ‘open’

For each external gluon µ
p

= ϵ∗µ(p) (final) , (154f)

For each external gluon µ
p

= ϵµ(p) (initial) , (154g)

For each external quark
p

= ūs(p) (final) , (154h)

For each external quark
p

= us(p) (initial) , (154i)

For each external antiquark
p

= vs(p) (final) , (154j)

For each external antiquark
p

= v̄s(p) (initial) . (154k)

A few comments are now in order:

� The indices a, b, c, d, and e are always in the adjoint representation (upper indices in t, f , and
δ). This means that they refer to the gluons. The lower indices j and k are in the fundamental
representation (lower indices in t and δ) and refer to quarks.

� The Dirac matrix γµ still appears. Even though we have dropped the explicit spinor indices, these
are still present. However, γµ and ta act on different spaces and therefore commute.

� This means that now have four kinds of indices: spinor indices, Lorentz indices, and two types of
colour indices. Make sure to not mix them up!

� The new vertices arise when multiplying out the fabc term in the field-strength tensor. In principle,
this also exists in QED but there structure constant fabc = 0 so we do not usually write it.

5.3 Gauge invariance

Just as in QED, the Lagrangian is invariant under a gauge transformation

ψi(x)→
(︁
δij − igsθa(x)taij

)︁
ψj(x) ,

Aaµ(x)→ Aaµ(x) +Dab
µ θ

b(x) ,
(155)

Here we have introduced another form of the covariant derivative. Unlike in (147) where we had it in the
fundamental representation, here it is in the adjoint representation

Dab
µ = ∂µδ

ab + igsA
c
µ (T c)ab . (156)
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The T c is again a generator of the SU(3) colour algebra but for a different representation. In fact we
have already encountered the matrices for this

(T c)ab = ifacb = −ifabc . (157)

These need to fulfil the commutation relations of the algebra (148)

[T a, T b] = ifabcT c , (158)

which is equivalent to the Jacobi identity

fabcf cde + f bdcf cae + fdacf cbe = 0 . (159)

As we have seen in (155) the gluon transforms in the adjoint representation while the quark transforms in
the fundamental representation. Notice that the gauge transformation for Aaµ involves the strong coupling
gs

Aaµ → Aaµ + ∂µθ
a + gsf

abcθbAcµ = Aaµ + ∂aµθ
a +O(gs) , (160)

and only at lowest order in gs does it reduce to the analogous transformation for QED (63). The gauge
fixing works exactly like in QED, cf. (68)

Lgf = −
1

2ξ
(∂µA

µ
a)

2 , (161)

5.3.1 Compton scattering in QCD

Let us calculate the equivalent of Compton scattering in QCD, namely

q(p1)q̄(p2)→ g(p3)g(p4) . (162)

Up to the crossing, this is equivalent to what we have calculated in Section 4.4 except that we have now
an additional diagram

M =

p1

p2

p3

p4

+

p1

p2

p4

p3

+

p1

p2

p1 + p2

p3

p4

. (163)

The first two diagrams evaluate just like in (136) but with colour matrices

M
⃓⃓⃓
Abelian

= −ig2sϵ∗µ(p3) ϵ∗ν(p4) v̄(p2)

(︄
γνt

b γ · (p1 − p3)
(p1 − p3)2

γµt
aγµt

a γ · (p1 − p4)
(p1 − p4)2

γνt
b

)︄
u(p1) . (164)

If we just this Abelian part ofM and replaced ϵ(p) with p to verify the Ward identity (96), i.e. testing
whether the replacement ϵµ → ϵµ + λp is valid, we would find

pµ3 Mµν

⃓⃓⃓
Abelian

= −ig2s
[︂
ta, tb

]︂
v̄(p2)γνu(p1) ̸= 0 . (165)

The non-zero commutator makes these diagrams alone not gauge-invariant. Adding the final diagram
gives a contribution which exactly cancels this (try this!) but yields another term proportional to pν4 .
This vanishes when we remember the whole expression is contracted with ϵ∗ν(p4), and so gauge invariance
is only obeyed once we project onto physical polarisations. This was not necessary in QED.
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This problem is due to the sum over polarisations (101) where we did the replacement

2∑︂
α=1

ϵαµϵ
∗α
ν → −gµν . (101)

Although the right-hand summed all polarisations and not only the physical transverse ones, in actual
calculations the unphysical longitudinal gluon polarisations automatically cancelled. This is no longer
the case in QCD, where one has to sum strictly over physical polarisations. However, this can make
calculations more cumbersome, so it might still be useful to sum over all polarisations, and to cancel in
some way the unphysical degrees of freedom. How this cancellation is performed depends on the gauge.
In covariant gauges, like the Feynman gauge, this is done by introducing extra fields, called the ghost
fields. The alternative is to use the so-called physical gauges, that ensure that that only physical degrees
of freedom propagate on shell.

5.3.2 Unitarity

Before we can understand this, we need to return to ee → γγ which we have calculated in Section 4.4.
It is possible to relate the amplitude for ee→ γγ to the process ee→ ee using unitarity. One can show
that the imaginary part of forward scattering of ee→ ee is related to the amplitude square of ee→ γγ,
i.e.

2ℑ

⎛⎜⎜⎝ + +
diags w/o

imaginary

⎞⎟⎟⎠ =

∫︂
dΦ
∑︂⃓⃓⃓⃓

⃓⃓⃓⃓ +

⃓⃓⃓⃓
⃓⃓⃓⃓
2

. (166)

This result is known as the optical theorem and it can be extremely powerful. For our purposes, it is
enough to note that the sum on the right-hand side goes onlt over physical polarisations.

The way this is done in practice is by cutting propagators, i.e. replacing i/(p2 − m2 + iϵ) with
(2π)Θ(p0)δ(p2 −m2). Everything on the right-hand side of the cut then gets complex-conjugated. Cuts
that violate momentum conservation do not contribute. By drawing the cut as a dashed line, we can
write the optical theorem as

2ℑ

⎛⎜⎜⎝
⎞⎟⎟⎠ = , (167)

where the blob indicates all possible ways to connect the photon, i.e. the two diagrams in t and u channel.
In Feynman gauge we replace

− igµν
k2 + iϵ

→ −gµν (2π)Θ(k0)δ(k2) . (168)

Let us call the diagram on the left side of the cutMµν . Then the Ward identity kµMµν = 0, means we
can obtain the contribution for a photon k to the imaginary part as∫︂

d4k

(2π)4
−igµν
k2 + iϵ

Mµν →
∫︂

d4k

(2π)4
(−gµν) (2π)Θ(k0)δ(k2)Mµν =

∫︂
d3k

(2π)32k0
Mµν

2∑︂
α=1

ϵαµ(k)ϵ
∗α
ν (k) .

(169)

This verifies the explicit relation (101) and means that, in QED, we obtain (101) from unitarity.
In QCD, the fact that the Ward identity is partially broken in (164) implies that the amplitude for

the process qq̄ → gg is not given by the imaginary part of the forward amplitude for qq̄ → qq̄ if we
only consider gluons as internal particles. In fact, the cut forward amplitude contains the contribution of
non-physical longitudinal polarisations, which do not contribute to the amplitude squared for qq̄ → gg.
This would violate unitarity, so there has to be additional fields that are responsible for the cancellation
of the contribution of non-physical polarisations in the imaginary part of the forward amplitude. These
new fields are called ghosts.
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5.3.3 Ghosts

Ghosts are scalar fields but follow Pauli’s exclusion principle and pick up a sign under swapping, just like
fermions. Unlike fermions, however, they transform like gluons in the adjoint representation of SU(3).
The Feynman rules for the ghosts are

For each internal ghost a
p

b = δab
i

p2 + iϵ
, (170a)

For each cc̄g vertex µ, a

b

c q

= gsf
abcqµ . (170b)

Note that ghost only appear in internal lines, never as final states.
Consider now again the relation (167) but in QCD. We now know that there is an additional diagram

with a ghost

+ =

∫︂
dΦ
∑︂

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓
2

(171)

The ghost-antighost loop contributes to the imaginary part of the forward amplitude with a factor
(−1), just like a normal fermion loop, so as to cancel the contribution of the unphysical longitudinal
gluon polarisations when summing over all diagrams. The resulting imaginary part equals the amplitude
squared for the process qq̄ → gg, integrated over the gluon phase space and summed over physical gluon
polarisations, as required by unitarity of QCD.

5.3.4 Physical gauges

Alternatively, we can impose a so-called physical gauge condition on the gluon fields to eliminate unphys-
ical polarisations from the start. This eliminates the need for ghosts, which do not interact with gluons
anymore, but complicates the gluon propagator. In place of the Lorent gauge condition ∂µAaµ = 0, we
impose

Aaµn
µ = 0 (172)

for some arbitrary reference vector nµ. This is also sometimes called axial gauge. The gauge fixing
Lagrangian is

Lgf = − lim
ξ→0

1

2
ξ
(︂
Aaµn

µ
)︂2
. (173)

The gluon propagator changes to

For each internal gluon b, ν

p
a, µ = δab

i

p2 + iϵ

(︄
− gµν + pµnν + pνnµ

p · n
+ n2 pµpν

(p · n)2

)︄
. (174)

And the polarisation sum becomes

2∑︂
α=1

ϵαµϵ
∗α
ν → −gµν +

kµnν + kνnµ
k · n

+ n2 kµkν
(k · n)2

. (175)

Physical quantities cannot depend on the choice of n as long as n ̸= k and one can check this explicitly.
A relevant example of a physical gauge is the light-cone gauge, in which n2 = 0. We would for example

choose k = (ω, k⃗) and n = (1,−k⃗/ω) so that the n2 term drops out and we have an exact equality in (175)
(rather than the “→” we have used previously).
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6 Renormalisation

So far, we have only considered the leading order (LO) in α or αs. This can be sufficient for certain
observables in QED but it rarely is good enough in QCD (since αs ≫ α) or if we are doing precision
physics. This means we will need to go to higher orders in α. Luckily, we know how to do this!
The Feynman rules are perfectly valid beyond LO and we have already mentioned that it is possible to
construct diagrams with loops. The only problem is now that momentum-conservation at each interaction
vertex is no longer sufficient to determine the momentum in each propagator. If you have a look at the
diagram we had in (166), the photon momentum can take any value k. This means that we need to
integrate over all possible values of this unconstrained loop momentum. A simple example is

Πµν =

k + p

k

p p
= (ie)2

∫︂
d4k

(2π)4

tr
[︂
γµ
(︁
γ · (p+ k) +m

)︁
γν
(︁
γ · k +m

)︁]︂(︁
k2 −m2 + iϵ

)︁(︁
(k + p)2 −m2 + iϵ

)︁ . (176)

For very large k, the integral goes like k4×k2/k4 = k2.1 This means that the integral diverges as k →∞,
i.e. in the ultraviolet (UV) region. We now have a major problem. This diagram should have been a
small correction to the photon propagator but it looks like it is infinity. Luckily, there is a way to handle
this called renormalisation.

So far we have just assumed that the semi-classical construction of the fields ψ and Aµ was a good
one. But in reality, there is no physical interpretation in the parameters of the Lagrangian, be they ψ,
Aµ, m, or α. The only thing that is physical are scattering matrix elements and the location of the pole
of the propagator (which we called mass before). We have now found scattering matrix element that
made no sense whatsoever. Is it therefore maybe possible that our choice of parameters in L were bad?

Since we would have to measure these parameters by studying matrix elements, we can not really
predict ee → γγ scattering since we do not yet know α. Would it therefore be possible to first measure
ee → γγ, calculate α and then measure for example ee → ee as a prediction? The parameter α in the
Lagrangian is meaningless, the only thing that matters are relations between observables; α is just a
convenient intermediary.

This means that we can try and re-define the parameters of L to absorb any problematic infinity by
writing for example

ψ → ψ0 = ZψψR . (177)

The bare field ψ0 is the one we started with but only the renormalised field ψR is physical. The relation
between them, Zψ is called a renormalisation constant. If, once we have done this for α, Aµ, and m, there
are no singularities left, the theory is called renormalisable and is capable of making testable predictions
that are free from singularities. One can show that both QED and QCD are renormalisable.

6.1 Regularisation

Before we can do any of that we need to be able to sensibly talk about these singularities. The integral
in (176) is just Πµν =∞ and we cannot attempt to define ZA =∞/∞. To do this, we need to regularise
the integral first.

A very naive way of doing this is to just add a cut-off Λ to the integral. This is called cut-off
regularisation. A more modern way is called dimensional regularisation where we shift the dimensionality
of spacetime away from 4 to d = 4− 2ϵ. The integral then becomes∫︂

d4k

(2π)4
→
∫︂

ddk

(2π)d
. (178)

A few comments are in order

1Doing the calculation more carefully using gauge invariance actually results in divergences like k0 which is logarithmically
divergent

26



� Note that various authors will include various other factors like Γ(1 − ϵ) or eγEϵ in this measure
which simplify the results. If you look at a result where this matters, make sure you check which
convention was used!

� This procedure might sound very ad-hoc and not very mathematical. What does it mean for a
vector space to have a non-integer dimension? This also has nothing to do with the concept of
fractals or fractal geometry that you may have encountered in geometry. Formalising this goes well
beyond the scope of this course and indeed most graduate-level courses. The relevant feature is
that we change

gµνgµν = d . (179)

� When working in dimensional regularisation, the importance of (179) cannot be overstated since it
for example modifies the γ matrix identities we have defined in (133).

� Since we change the dimension of spacetime, we have accidentally also changed the dimension of
the action S =

∫︁
ddxL. To restore this, we modify all dimensionless couplings g

g → µϵgR(µ) . (180)

The renormalised coupling gR now depends on this new scale µ, the renormalisation scale. We will
come back to this.

� Once all singularities are handled, we can safely set ϵ→ 0.

The renormalisation constants themselves are calculated by calculating a matrix element without speci-
fying them and then requiring the result to be finite. Doing so uniquely fixes the poles of Zi but not their
finite parts. This finite part can be chosen arbitrarily, at least in principle, and the choice is referred to
as a renormalisation scheme. The most common schemes you will encounter are called on-shell (OS) or
modified minimal subtraction (MS).

To be precise, we set e → Zee, m → Zmm, ψ →
√
Z2ψ and Aµ →

√
Z3Aµ. The choice of

√
Z2 and√

Z3 is a historic one In QED this results in

LQED = −Z3
1

4
FµνFµν + Z2 ψ̄(iγ

µ∂µ − Zmm)ψ + Ze
√︁
Z3Z2⏞ ⏟⏟ ⏞
Z1

eψ̄γµψ Aµ . (181)

It is possible to identify the renormalisation of the vertex as Z1 = ZeZ2

√
Z3 The idea is that one

computes Z1 by removing all UV singularities from the vertex diagram, and Z2 (Z3) by removing all
from the fermion (photon) propagators. In QED, the powerful Ward identity of (96) means that Z1 = Z2

so it is possible to calculate everything from just propagators. This is no longer true in QCD where
Z1 ̸= Z2.

6.2 Renormalisation scale

If we were able to calculate cross sections to all orders in perturbation theory, the dependence on this
scheme or equivalently µ will cancel exactly. Since we cannot do this, let us think about this some more.
In the OS scheme we normally set µ = 0 which is not very interesting. In the MS, however, µ matters a
lot.

In fact, every calculation, even just at LO will depend on µ because the coupling αs depends on µ.
However, for any observable O that we have calculated to order n

O
(︁
αs(µ), µ

)︁
= O

(︁
αs(µ

′), µ′)︁+O(αs(µ)n+1) . (182)

This fact can be (ab)used to estimate the uncertainty to due missing higher-order correction. The thinking
goes that, had we calculated at order n+ 1 instead n, the scale dependence of our order-n result would
have cancelled. Therefore, it is customary to set µ to some “sensible value” and then vary it by a factor
of two up and down. The error is than the envelope of this variation.

As an example, I have included the calculation of gg → H at next-to-next-to-next-to-leading order
(N3LO) [1]. In Figure 2, the renormalisation scale was varied around µ = mH/2. At LO (n = 0), the
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Figure 2: A plot of the result for the cross section for gg → H at LO, NLO, NNLO, and N3LO as a
function of the renormalisation scale, here labeled µR. Figure taken from [1].

value was found as 19+7
−4 pb. The next-to-leading order (NLO) (n = 1) value 43+14

−8 pb is outside this error

band but after this, the next-to-next-to-leading order (NNLO) value stabilises at 48.+8.
−4. pb. The final

value at N3LO is quoted as 44.96+1.6
−0.10 pb.

This example demonstrates both the power and the limitation of the scale variation strategy: the LO
result is completely incorrect and the error is underestimated by a factor of three. However, once the
NLO corrections are taken into account (which are huge at around K = 2.2 ≫ αs = 0.1) the estimate
becomes more reliable.

6.3 Running coupling

Once we have chosen the scale µ, we need to obtain a numerical value for αs(µ). In principle this is easy,
we can compare an observable calculated at that scale O

(︁
αs(µ), µ

)︁
to experimental data obtained at that

scale and extract a suitable value for αs(µ). However, what do we do if there is no data yet for our choice
of µ? We could of course pick a different value of µ but as we have seen from Figure 2, it is advisable to
be close to the sensible scale of the process. We can therefore ask ourselves if we can relate αs(µ) to the
value we should use at some other scale µ′. This further allows us to combine data obtained at different
µ into a global fit of αs as perform a very stringent test of the underlying QFT. For QCD this is shown
in Figure 3 with a plot taken from [2].

The theoretical description underlying this is the β function

µ2 ∂αs(µ
2)

∂µ2
= β

(︁
αs(µ

2)
)︁
= −β0

4π
α2
s −

β1
16π2

α3
s + · · · . (183)

To actually calculate these, we begin by noting that

αs,0(ϵ) = µ2ϵZ2
g (ϵ, µ

2)αs(µ
2) , (184)

where the ϵ argument indicates that the quantity is divergent. The bare coupling αs,0 is divergent but
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Figure 9.4: Summary of determinations of αs as a function of the energy scale Q compared to
the running of the coupling computed at five loops taking as an input the current PDG average,
αs(m2

Z) = 0.1180 ± 0.0009. Compared to the previous edition, numerous points have been updated
or added.

well as the treatment of correlations among the various inputs, of theoretical as well as experimental
origin.

We have chosen to determine pre-averages for subfields of measurements that are considered
to exhibit a maximum degree of independence among each other, considering experimental as well
as theoretical issues. The six pre-averages, illustrated also in Fig. 9.2, are listed in column two of
Table 9.1. We recall that these are exclusively obtained from extractions that are based on (at least)
NNLO QCD predictions, and are published in peer-reviewed journals at the time of completing this
Review. To obtain our final world average, we first combine these six pre-averages, excluding the
lattice result, using a χ2 averaging method. This gives

αs(m2
Z) = 0.1178 ± 0.0010 (PDG 2025 without lattice) . (9.24)

This result is fully compatible with the lattice estimate Eq. (9.23) and has a slightly larger uncer-
tainty. To avoid overestimating the precision, we combine these two numbers using an unweighted
average and take as an uncertainty the average between these two uncertainties rounded to give
the same number of digits as for αs itself. This gives our final world average value

αs(m2
Z) = 0.1180 ± 0.0009 (PDG 2025 average) . (9.25)

If for the subfield of hadron colliders we are more restrictive and instead only accept results
from a simultaneous fit of PDFs, we arrive at αs(m2

Z) = 0.1164 ± 0.0020 for this subfield leading
to 0.1176 ± 0.0010 (without lattice) and αs(m2

Z) = 0.1179 ± 0.0008 for the final average. Both the
new world average value and the restricted result are compatible with each other and changed only
marginally as compared to the values reported in the last edition of this Review.

It also stands to question whether the subfields of PDF fits and hadron colliders still are as
independent as originally assumed. To test the potential impact, the fit has been repeated while
grouping all αs(m2

Z) determinations of both subfields into a common one. We obtain 0.1166±0.0024

1st June, 2026

Figure 3: Summary of determinations of αs as a function of the energy scale Q compared to the running
of the coupling computed at five loops. Taken from [2].

does not depend on µ2. We can therefore, its derivative w.r.t. µ2 therefore vanishes

0 = µ2 ∂αs,0(µ
2)

∂µ2
= µ2ϵZ2

g (ϵ, µ
2)

[︄(︄
ϵ+

µ2

Z2
g

∂Z2
g

∂µ2

)︄
αs(µ

2) + µ2 ∂αs(µ
2)

∂µ2⏞ ⏟⏟ ⏞
−β

]︄
. (185)

Solving the [· · · ] for β, we find

β
(︁
αs(µ

2)
)︁
= − lim

ϵ→0

µ2

Z2
g

∂Z2
g

∂µ2
αs(µ

2) . (186)

If we use dimensional regularisation,

Zg = 1 + αs(µ
2)
Z

(1)
g

4πϵ
+O(α2

s, αsϵ
0) . (187)

Therefore, the first term of the β function is just the coefficient of the pole since

β
(︁
αs(µ

2)
)︁
= − lim

ϵ→0

2Z
(1)
g

4πϵ
µ

∂αs
∂µ2 αs(µ

2) =
2Z

(1)
g

4π
. (188)

And therefore β0 = −2Z(1)
g . The actual calculation of Z

(1)
g can be performed using any quantity that

involves an interaction vertex. Performing this calculation goes beyond the scope of these notes but we
find in Feynman gauge (for arbitrary gauge, see for example [3])

Z
(1)
1 = −CF + CA

4π
, (189a)

Z
(1)
2 = −CF

4π
, (189b)

Z
(1)
3 = −−5CA + 2nf

3 · 4π
. (189c)

Here nf is the number of active quark flavours. You can see that Z1/Z2 = 1 − α/(4π) CA which would

be equal to 1 in QED as required. Further, we can calculate Z
(1)
g from Zg = Z1/Z2/

√
Z3

Z(1)
g = 2Z

(1)
1 − 2Z

(1)
2 − Z(1)

3 =
−11CA + 2nf

24π
. (189d)
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or equivalently

β0 =
11

3
CA −

2

3
nf , (190a)

The QCD β function is actually known up to five-loops. The next terms are

β1 =
34

3
C2
A −

10

3
CAnf − 2CFnf , (190b)

β2 =
2857

54
C3
A −

1415

54
nfC

2
A −

205

18
nfCFCA + nfC

2
F +

79

54
n2fCA +

11

9
n2fCF (190c)

β3 =
149753

6
+ 3564ζ3 +

(︂
− 1078361

162
− 6508

27
ζ3

)︂
nf +

(︂50065
162

+
6472

81
ζ3

)︂
n2f +

1093

729
n3f (190d)

β4 =
8157455

16
+

621885

2
ζ3 −

88209

2
ζ4 − 288090ζ5

+
(︂
− 336460813

1944
− 4811164

81
ζ3 +

33935

6
ζ4 +

1358995

27
ζ5

)︂
nf

+
(︂25960913

1944
+

698531

81
ζ3 −

10526

9
ζ4 −

381760

81
ζ5

)︂
n2f

+
(︂
− 630559

5832
− 48722

243
ζ3 +

1618

27
ζ4 +

460

9
ζ5

)︂
n3f

+
(︂1205
2916

− 152

81
ζ3

)︂
n4f (190e)

The four- [4, 5] and five-loop [6, 7, 8, 9, 10] results are so long that I have given them here with CA = 3
and CF = 4/3. β0 and β1 are independent of the renormalisation scheme chosen and the remainder is
given in the MS scheme.

Let us look at the first term in a bit more detail. If we solve the differential equation (183), we find

αs(µ) =
αs(µ0)

1− αs(µ0)
4π β0 log

µ2
0

µ2

. (191)

A lot now depends on the sign of β0. In QED (CA = 0), β0 < 0 so α with µ. Even though this growth
is very, very slow (at µ = mZ α ≈ 1/127 once the full running is taken into account), it will eventually
diverge at2

µ = me × e
3π
2α = 10280 GeV . (192)

This is called the Landau pole of QED and it is ultimate proof that QED is not a complete theory of
nature – which we already knew because the Z boson enters at a comparatively low 90GeV.

In QCD, β0 > 0 for nf ≤ 6, meaning that αs diverges not at large µ but at small µ. This effect
is called confinement and it is the reason that free quarks and gluons cannot exist. The scale of this is
usually called

ΛQCD ≈ 250MeV . (193)

It is no coincidence that this is similar to the mass of the lightest meson. For µ ≫ ΛQCD, αs ≪ 1 and
we can use perturbation theory. QCD is therefore said to be asymptotically free.

Conclusion and further reading

This has been a very quick tour through some of the very important, deep and interesting material
relevant for the description of QED and QCD. I hope it has provided some insight and provided you
with useful tools for the future. There is of course a lot more to explore! The text books [11, 12] are
more practical and closer to the spirit of this course. Other books like [13, 14, 15, 16] contain many more
mathematical details that go far beyond this course.

2Note that in QED, nf needs to be doubled compared to QCD because of the way colour algebra works
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A Gauge invariance from first principle

In Section 3.1 we wrote down the QED Lagrangian and noted that it follows a certain local U(1) symmetry.
In fact, the logic goes the other way around.

In this appendix, we will derive the complete Lagrangian, including the photon field, from the fact
that

L = ψ̄(iγ · ∂ −m)ψ (194)

should be invariant under local gauge transformation

ψ(x)→ eiα(x)ψ(x) . (195)

The mass term is obviously invariant but what about the derivative? Due to the gauge symmetry, the
derivative ∂µ no longer has any geometric meaning since the phase α(x) could mess things up. Let us
therefore define a new derivate Dµ which compares two nearby points along a direction n̂µ

n̂µDµψ = lim
ϵ→0

ψ(x+ ϵn̂)− U(x+ ϵn̂, x)ψ(x)

ϵ
. (196)

Here we had to introduce a new object, U , which for the normal derivative ∂µ is just U = 1 but accounts
for the change α. For L to be invariant, we need this new derivative to transform like the field itself, i.e.

n̂µDµψ → lim
ϵ→0

eiα(x+ϵn̂)ψ(x+ ϵn̂)− U ′(x+ ϵn̂, x)eiα(x)ψ(x)

ϵ

!
= eiα(x)n̂µDµψ . (197)

The only way to more this work generally is if U transforms as

U(y, x)→ U ′(y, x) = eiα(y)U(y, x)e−iα(x) . (198)

Then we have

n̂µDµψ → lim
ϵ→0

eiα(x+ϵn̂)
ψ(x+ ϵn̂)− U(x+ ϵn̂, x)ψ(x)

ϵ
= eiα(x)n̂µDµψ . (199)

Taylor-expanding U gives us with U(x, x) = 1

U(x+ ϵn̂, x) = 1− iϵn̂µ(eAµ(x)) +O(ϵ2) . (200)

Here we had to introduce a field Aµ that is the derivative of U as well as an arbitrary constant e. It is
easy to see that Aµ transforms as required and it is no surprise that it will turn into the photon field.

We can now concatenate four comparison operations into a small square

U(x) = U(x, x+ ϵn̂)U(x+ ϵn̂, x+ ϵn̂+ ϵm̂)U(x+ ϵn̂+ ϵm̂, x+ ϵm̂)U(x+ ϵm̂, x) . (201)

It is easy to see that U(x) is invariant under the transformation. Starting from

U(x, y) = exp
(︂
− ieA

(︁x+ y

2

)︁
· (x− y) +O

(︁
(x− y)3

)︁)︂
, (202)

we find

U(x) = exp

[︃
− ieϵ

(︂
− n̂ ·A

(︁
x+ n̂ ϵ2

)︁
− m̂ ·A

(︁
x+ n̂ϵ+ m̂ ϵ

2

)︁
+ n̂ ·A

(︁
x+ m̂ϵ+ n̂ ϵ2

)︁
+ m̂ ·A

(︁
x+ m̂ ϵ

2

)︁)︂]︄
= exp

[︂
− ieϵ

(︁
∂m̂(n̂ ·A)− ∂n̂(m̂ ·A)

)︁)︂
. (203)

This proofs that Fµν and any functions that depend on Fµν are invariant. However, Aµ itself is not
invariant meaning that a mass term like mγ AµA

µ would not be allowed. This is the reason that the
photon is massless.

You may now wonder about the Z and W bosons. The same argument still applies and we cannot
write down a mass for them. In the Standard Model, their masses are dynamically generated through the
Higgs mechanism. Basically, the theory contains a scalar field ϕ whose kinetic term includes a covariant
deriviative that couples it dynamically to the W and Z bosons. Uniquely among all particles, this field
has a non-zero vacuum expectation value (vev) meaning thatW and Z get a dynamically generated mass.
You can find a video description of this at pcwww.liv.ac.uk/~yulrich/manim/qft/gauge.
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cloud of type abeam of type b

lalb

A

Figure 4: A beam of particles of type b is shot at a cloud of particles of type a. The beam has length lb
and the target la. The cross sectional area of the target being hit by the beam is A.

B Derivation of the flux factor F
Many particle physics experiments are scattering experiments where we take two particles and collide
them. In analogy to classical scattering, we define the cross section of the scattering. Since we are working
in a quantum theory rather than a classical one, the cross section describes a probability rather than a
physical size.

We start with the relation between the scattering probability and the amplitudeM

Pi→f ∼ |M|2
i̸=f
=
(︂
(2π)4δ(4)(Pi − Pf )

)︂2
|M|2 . (204)

The squared delta function is a problem because we only need one of them to solve our integration; the
other delta function will then automatically lead to yet another δ(4)(0). However, we have dealt with
this problem before and know to write (2π)4δ(4)(0) = V with the volume of spacetime V . Therefore, we
instead consider the probability per volume P/V . We also need to keep in mind that the states require
a normalisation 1/

√
E. This leads to the probability density

dPi→f

V
= (2π)4δ(4)(Pi − Pf ) |M|2

(︄
f∏︂
n=1

d3pn
(2π)32En

)︄(︄
i∏︂

n=1

1

2En

)︄
. (205)

Consider a cloud of particles of type a at rest with number density ρa. Now we shoot a bunch of
particles of (a potentially different) type b at the cloud (cf. Figure 4). Along the axis of collision, we
have a cross-sectional area A and bunch lengths la and lb. The cross section of the scattering is defined
through the number N of scattering events as

σ =
N

(ρala)(ρblb)A
= N

A

Na ·Nb⏞ ⏟⏟ ⏞
L−1

. (206)

Here we have also defined the total number of a (b) particles Na (Nb). The combination NaNb/A is
called the luminosity and it is the reason that the cross section σ is a useful quantity. If we were to
repeat our a-b scattering experiment at a different collider which has e.g. more particles in its beams, we
would see more events even though the underlying process has not changed. σ encodes the physics, L
the parameters of the experiment. This allows us to focus on two-particle scattering and set ρa = ρb = 1
even if the real beams may contain as many as 1011 particles (the beam intensity of the LHC beams).

For a 2→ f process of momenta pa, pb → p1, ..., pf , we have from (205)

dPa,b→f

V
=

1

(2Ea)(2Eb)
(2π)4δ(4)(Pi − Pf ) |M|2

(︄
f∏︂
n=1

d3pn
(2π)32En

)︄
. (207)

Keep in mind that the volume here is the spacetime volume of the scattering, i.e. V = t · A · la. For a
single scattering, the probability P is the number of scattered particles. Therefore the cross section

dσ =
dPa,b→f

la lbA
=

dPa,b→f

V

t

lb
. (208)
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Identifying lb/t as the velocity of the beam relative to our cloud of particles a, we can now write

dσ =
dPa,b→f

V |v⃗|
=

1

(2Ea)(2Eb)|v⃗|

(︄
f∏︂
n=1

d3pn
(2π)32En

)︄
(2π)4δ(4)

(︄
pa + pb −

f∑︂
n=1

pn

)︄
⏞ ⏟⏟ ⏞

dΦ2→f

|M|2 . (209)

We now need to convince ourselves that dσ is Lorentz invariant since we could otherwise stop a process
from happening simply by moving relative to it. We have already seen that the measure d3p/(2E) is
invariant, making the entire phase space dΦ Lorentz invariant. The matrix elementM is also fine so that
the remaining part is the flux factor EaEb|v⃗|. We an rewrite this in terms of invariants3

EaEb|v⃗| =
√︂
(pa · pb)2 −m2

am
2
b (210)

C Trace identities

As we have seen in Section 3, we often will have to calculate traces of γ matrices. These can be calculated
independently of the representation as 4×4 matrices using just (18). In this appendix, we will list number
of identities and then prove some of them

tr
[︂
γµ
]︂
= 0 , (211a)

tr
[︂
γ5
]︂
= 0 , (211b)

tr
[︂
γµ1 · · · γµn⏞ ⏟⏟ ⏞

odd

]︂
= 0 , (211c)

tr
[︂
γ5 γµ1 · · · γµn⏞ ⏟⏟ ⏞

odd

]︂
= 0 , (211d)

tr
[︂
γµγν

]︂
= 4gµν , (211e)

tr
[︂
γ5γµγν

]︂
= 0 , (211f)

tr
[︂
γµγνγργσ

]︂
= 4gµνgρσ − 4gµρgνσ + 4gµσgνρ . (211g)

To proof these, let us start with γνγν = 4 (cf. tutorial questions) and write

tr
[︂
γµ
]︂
=

1

4
tr
[︂
γµγνγν

]︂
=

1

4
tr
[︂
(2gµν − γνγµ)γν

]︂
=

1

2
tr
[︂
γµ
]︂
− 1

4
tr
[︂
γνγµγν

]︂
, (212)

where we have used the anti-commutator. Next, we write

tr
[︂
γµ
]︂
= −1

2
tr
[︂
γνγµγν

]︂
= −1

2
tr
[︂
γνγ

νγµ
]︂
= −2tr

[︂
γµ
]︂
, (213)

where we have used the cyclicity of the trace. Therefore, the trace must be zero.

Next, let us prove (211e)

tr
[︂
γµγν

]︂
∗
=

1

2

(︃
tr
[︂
γµγν

]︂
+ tr

[︂
γνγµ

]︂)︃
=

1

2
tr
[︂{︁
γµ, γν

}︁]︂ †
= gµνtr

[︂
1
]︂
= 4gµν . (214)

Here we have used the cyclicity at ∗ and the anti-commutator (18) at †.

3Note that technically this is only invariant for boosts along the beam axis. For boosts along any other axis, it is not
invariant which fits well with our intuition of cross-sectional areas.
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For (211g), we follow the same procedure

tr
[︂
γµγνγργσ

]︂
∗
= 2gρσtr

[︂
γµγν

]︂
− tr

[︂
γµγνγσγρ

]︂
(211e)
= 8gρσgµν − tr

[︂
γµγνγσγρ

]︂
†
= 8gρσgµν − 2gσνtr

[︂
γµγρ

]︂
+ tr

[︂
γµγσγνγρ

]︂
(211e)
= 8gρσgµν − 8gσνgµρ + tr

[︂
γµγσγνγρ

]︂
#
= 8gρσgµν − 8gσνgµρ + 2gµσtr

[︂
γνγρ

]︂
− tr

[︂
γσγµγνγρ

]︂
(211e)
= 8gρσgµν − 8gσνgµρ + 8gµσgνρ − tr

[︂
γσγµγνγρ

]︂
. (215)

Here we have used the anticommutator to swap γρ and γσ at ∗, γν and γσ at † and γµ and γσ at #.
Finally, we can use the cyclicity to bring γσ back to the end and which just results in the l.h.s. again.
Therefore,

tr
[︂
γµγνγργσ

]︂
= 4gρσgµν − 4gσνgµρ + 4gµσgνρ . (216)
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List of acronyms

KG Klein-Gordon

LIPS Lorentz-invariant phase space

LO leading order

NLO next-to-leading order

NNLO next-to-next-to-leading order

N3LO next-to-next-to-next-to-leading order

MS minimal subtraction

MS modified minimal subtraction

QM quantum mechanics

QED quantum electrodynamics

QCD quantum chromodynamics

QFT quantum field theory

OS on-shell

UV ultraviolet

vev vacuum expectation value

Index of terms

KG equation, 3

anti-commutator, 4

bare field, 26

Casimir trick, 14
Casmir operators, 21
centre-of-mass frame, 17
chirality, 9
Clifford algebra, 5
colour, 20
completeness relation, 7
Compton scattering, 18, 23
confinement, 30
contravariant, 4
covariant, 4
cross section, 15, 32
crossing symmetry, 17

decay width, 15
Dirac equation, 5
Dirac fields, 3
Dirac sea, 5
Dirac spinor, 5

energy-momentum relation, 3
Euler-Lagrange equations, 10

fermions, 5
Feynman prescription, 12
Feynman rules, 11, 21
field

scalar, 3, 3, 4
flavour, 12

active quark, 29
quark, 12, 18

flux factor, 16, 33

gauge
Rξ, 11
axial, 25
Coulomb, 10
covariant derivative, 10, 20, 22
Feynman, 11, 12, 24, 24
fields, 3, 20
fixing, 10, 11, 21, 23, 25
invariance, 10
light-cone, 25
Lorenz, 10, 11
parameter, 11
physical, 24, 25
symmetry, 21
transformation, 10, 22
unitary, 11

Gell-Mann matrices, 20
generator, 20, 23
ghost fields, 24
Ghosts, 25
gluon, 20

Hamiltonian operator, 3
helicity operator, 7
Higgs boson field, 3
hole, 5

Jacobi identity, 23

Landau pole, 30
local U(1) symmetry, 10, 31
logarithm

collinear, 20
loop momentum, 26
Lorentz transformations, 4
luminosity, 32

Mandelstam variables, 14
Maxwell’s equations, 9
minimal coupling, 10

optical theorem, 24

Pauli’s exclusion principle, 5, 25
Pauli’s fundamental theorem, 8
phase space, 15, 33
polarisation
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longitudinal, 11, 24, 24, 25
physical, 10, 23, 24
transverse, 15, 24
vector, 11

positron, 5
pseudo-scalar, 9
pseudo-vector, 9

quarks, 20

regularisation, 26
cut-off, 26
dimensional, 26

renormalisable, 26
renormalisation, 26

constant, 26
scale, 27
scheme, 27

representation
adjoint, 21, 22
fundamental, 21, 23

scalar, 8
Schrödinger Equation, 3
spin operator, 7
spin states, 7
spin-statistics theorem, 5
Standard Model Lagrangian, 3
structure constants, 20

tensor, 8

unitarity, 24

vector, 8
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