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Note: focus on Q1, Q2a, Q2b.ii, one of the identities in Q3b, and Q4a.

Tutorial Questions 1: Klein-Gordon equation

Consider a plane-wave solution to the Klein-Gordon equation

-

H(Z,t) = Ae i Wi=kT) (1)

a) Use the Klein-Gordon equation to find the dispersion relation, i.e. find w as a function of k.
How do you interpret the two solutions?

b) Show that these solutions are eigenstates of the energy operator, i0;, and the 3-momentum
operator, —iV.

SOLUTION:
a) Since ¢(Z,t) is a solution of the Klein-Gordon equation we must have
(0F = V2 +m*)g = (—w® + K+ m?)p =0,
which is satisfied if and only if

w(k) = £\ k2 +m?2.

For a fixed value of E, the two solutions represent plane waves moving in opposite directions.

b) For the energy operator we have

06 = wo = Tw(k)g, (2)

while for the momentum operator we have

—iVé=Fk,o. (3)
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Tutorial Questions 2: + matrix identities
a) Show that the Hermitian conjugate of the v matrices are
(YT = 409#7° (4)

b) Show the following using the anti-commutation relations for the v matrices in 4 dimensions

Yy =4, (5)
YV Y = =297, (6)

YA P = 49", (7)
VAPV p = =297 (8)

How does this change if g"¥g,, = d with d # 47

SOLUTION:

a) The matrix

The matrix

; ; 0 o
7 0 i
= o = . .
T (—07’ 0>

is anti-hermitian, that is (y%) = —4?. Using the commutation relation {7°, 7} = 0 we find
() = =7 = (1% = 1%"°.
b) In d =4 we have g, =4

1
=510 b =g =4,
Y = AV e — VY = 26", — 4 = 297,
YAy = I Y I — YA M = 290 + 297 = 2{7, 47} = 467,
YA APy, = (Y IV Y = VAP = 29 Py — 4gMP Y = 24Pt
In d # 4 we have gl = d

Vo =d,
VY e = (2 = d)y”,
VY M = 497+ (d = A",
VA PP, = —29P Y — (d — 47" P




Tutorial Questions 3: Orthonormality and completeness

Verify

a) the orthonormality

Ur(p)T'YOUs (p) = 2md,s, vr(p)T’VOUS(p) = —2mdys , ur(p)T'Vovs (p) = Us(p)T’YOUT(p) =0,
(9)
b) and completeness relations
> w@up)i=vy-p+tm and D v@up)'’ =v-p—m. (10)
r=1,2

SOLUTION:

a) We start from our definition of us(p):

Xs
G-p
Et+mXs

) =VETR( ) ol = VET ().

This gives

1mmum=w+mmﬂ/ﬂgn<;03<afm)

E+

@
= (E+m)X;[Xs_XIE+me-

Using {0y,0;} = 24,5, we find (¢ - p)? = p* = (E? — m?). This gives

ﬁr(ﬁ)us(ﬁ) = (E +m— (E - m))XIXS = 2m0ys -
Similarly

Ur(P)vs(P) = (£ +m) (XIE&.; XI) ((1) 0 ) <EJ+.I;nXS>

_2mX;[~X8 = —2md;s,

and

U, (P)vs(p) = (E +m) (XI, xlEI ) ((1] _01> (Eizinxs> =0,
m@%@—@wmwﬂﬁ;XUG i><%}>_u

b) For the completeness relations we have

7 “ N [1 0
ur (p)ur(p) = (B +m) (ﬂfm) (Xi X ) (o —1)

4x4 matrix

T _ T 8P
= (F+m) ( C_f?[ngr _‘>9”XTE+m ) .

] G-p T_op
E+mXr Xt TEfmXrXrEim




Since x,, r = 1,2, constitute a complete set, we have ZT:LQ Xer = 19, hence

B E4+m —-6-p E4+m —d-p
Zur@wm—(w I )‘( o >—v-p+m~

r—12 “E+m c-p —E+m

Similarly

> v () () = <E‘;” o )> —yp—m.

g




Tutorial Questions 4: Angular momentum and spin

a) Show that the Dirac Hamiltonian H = & - '+ Sm commutes with the total angular momentum
operator L+ S where L = 7 x P and S is

=~ 1(&d 0
S=- . 11
2(0 6’) (1)

b) Use the plane-wave solution to show that for 7= (0,0, p,)

1 1 1
S,ul = §u1 , S,ug = —§u2, S,v1 = 5111 , and S,vy = —51)2, (12)

where S, is the z-component of the spin operator.

SOLUTION:

a) First we observe that [L, 3m] = [S,3m] = 0. Second, since j is a vector under rotations,
we have [L;, pj] = ie;jppr, giving [E, H] = id x p. The same can be verified with a direct
computation using L; = ig;jrx;pk, as well as the canonical commutation relations [x;,p;] =

i0;5, and [z, z;] = [pi, pj] = 0. Last, using
on ol _ . IR ) — e nan,
[O‘i,O'j] 0 lEijkO'k 0

— = —

IS H =ipxd=—idxp = [L+8 H=0.

[Si, o] =

DN =

we find

b) Since p'= (0,0, p,) we have & - p'= o3p,. This gives

u1<m=¢E+m<ai§1 >=< . )
1 2

E+mX E+m X1

X2
UQ(@ = < 1 p2 ) :
_§E+mX2

This gives immediately

1
Szul = iul, SZUQ = —§U2 .

Similarly

X1 X1

ap 1 p=
w () = VE +m <E+mX1> _ (2 E+mX1> 7

1_p:
-5 2
us(p) = ( 2E+mX
X2

This gives immediately

1
Szvl = <U1, SZUQ = —51)2 .




