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Note: focus on Q1, Q2a, Q2b.ii, one of the identities in Q3b, and Q4a.

Tutorial Questions 1: Klein-Gordon equation

Consider a plane-wave solution to the Klein-Gordon equation

ϕ(x⃗, t) = A e−i(ωt−k⃗·x⃗) . (1)

a) Use the Klein-Gordon equation to find the dispersion relation, i.e. find ω as a function of k⃗.

How do you interpret the two solutions?

b) Show that these solutions are eigenstates of the energy operator, i∂t, and the 3-momentum

operator, −i∇.

SOLUTION:

a) Since ϕ(x⃗, t) is a solution of the Klein-Gordon equation we must have

(∂2
t −∇2 +m2)ϕ = (−ω2 + k⃗2 +m2)ϕ = 0 ,

which is satisfied if and only if

ω(k⃗) = ±
√︂
k⃗2 +m2 .

For a fixed value of k⃗, the two solutions represent plane waves moving in opposite directions.

b) For the energy operator we have

i∂tϕ = ωϕ = ±ω(k⃗)ϕ , (2)

while for the momentum operator we have

−i∇ϕ = k⃗, ϕ . (3)
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Tutorial Questions 2: γ matrix identities

a) Show that the Hermitian conjugate of the γ matrices are

(γµ)† = γ0γµγ0 (4)

b) Show the following using the anti-commutation relations for the γ matrices in 4 dimensions

γµγµ = 4 , (5)

γµγνγµ = −2γν , (6)

γµγνγλγµ = 4gνλ , (7)

γµγνγλγργµ = −2γργλγν . (8)

How does this change if gµνgµν = d with d ̸= 4?

SOLUTION:

a) The matrix

γ0 = β =

(︄
1 0

0 −1

)︄
,

is hermitian and satisfies (γ0)2 = 1, hence

(γ0)† = γ0 = γ0(γ0)2 = γ0γ0γ0 .

The matrix

γi = γ0αi =

(︄
0 σi

−σi 0

)︄
.

is anti-hermitian, that is (γi)† = −γi. Using the commutation relation {γ0, γi} = 0 we find

(γi)† = −γi = −γi(γ0)2 = γ0γiγ0 .

b) In d = 4 we have gµµ = 4

γµγµ =
1

2
{γµ, γµ} = gµµ = 4 ,

γµγνγµ = {γµ, γν}γµ − γνγµγµ = 2gµνγµ − 4γν = −2γν ,

γµγνγλγµ = {γµ, γν}γλγµ − γνγµγλγµ = 2γλγν + 2γνγλ = 2{γν , γλ} = 4gνλ ,

γµγνγλγργµ = {γµγν}γλγργµ − γνγµγλγργµ = 2γλγργν − 4gλργν = −2γργλγν .

In d ̸= 4 we have gµµ = d

γµγµ = d ,

γµγνγµ = (2− d)γν ,

γµγνγλγµ = 4gνλ + (d− 4)γνγλ ,

γµγνγλγργµ = −2γργλγν − (d− 4)γνγλγρ .



Tutorial Questions 3: Orthonormality and completeness

Verify

a) the orthonormality

ur(p)
†γ0us(p) = 2mδrs , vr(p)

†γ0vs(p) = −2mδrs , ur(p)
†γ0vs(p) = vs(p)

†γ0ur(p) = 0 ,

(9)

b) and completeness relations∑︂
r=1,2

ur(p)ur(p)
†γ0 = γ · p+m and

∑︂
r=1,2

vr(p)vr(p)
†γ0 = γ · p−m. (10)

SOLUTION:

a) We start from our definition of us(p⃗):

us(p⃗) =
√
E +m

(︄
χs

σ⃗·p⃗
E+mχs

)︄
⇒ u†s(p⃗) =

√
E +m

(︂
χ†
s χ†

s
σ⃗·p⃗

E+m

)︂
.

This gives

ūr(p⃗)us(p⃗) = (E +m)
(︂
χ†
r χ†

r
σ⃗·p⃗

E+m

)︂(︄1 0

0 −1

)︄(︄
χs

σ⃗·p⃗
E+mχs

)︄

= (E +m)χ†
rχs − χ†

r

(σ⃗ · p⃗)2

E +m
χs .

Using {σi, σj} = 2δij , we find (σ⃗ · p⃗)2 = p⃗2 = (E2 −m2). This gives

ūr(p⃗)us(p⃗) =
(︂
E +m− (E −m)

)︂
χ†
rχs = 2mδrs .

Similarly

v̄r(p⃗)vs(p⃗) = (E +m)
(︂
χ†
r

σ⃗·p⃗
E+m χ†

r

)︂(︄1 0

0 −1

)︄(︄
σ⃗·p⃗

E+mχs

χs

)︄
= −2mχ†

rχs = −2mδrs ,

and

ūr(p⃗)vs(p⃗) = (E +m)
(︂
χ†
r , χ

†
r

σ⃗·p⃗
E+m

)︂(︄1 0

0 −1

)︄(︄
σ⃗·p⃗

E+mχs

χs

)︄
= 0 ,

v̄r(p⃗)us(p⃗) = (E +m)
(︂
χ†
r

σ⃗·p⃗
E+m χ†

r

)︂(︄1 0

0 −1

)︄(︄
χs

σ⃗·p⃗
E+mχs

)︄
= 0 .

b) For the completeness relations we have

ur(p⃗)ūr(p⃗) = (E +m)

(︄
χr

σ⃗·p⃗
E+mχr

)︄(︂
χ†
r χ†

r
σ⃗·p⃗

E+m

)︂
⏞ ⏟⏟ ⏞

4×4 matrix

(︄
1 0

0 −1

)︄

= (E +m)

(︄
χrχ

†
r −χrχ

†
r

σ⃗·p⃗
E+m

σ⃗·p⃗
E+mχrχ

†
r − σ⃗·p⃗

E+mχrχ
†
r

σ⃗·p⃗
E+m

)︄
.



Since χr, r = 1, 2, constitute a complete set, we have
∑︁

r=1,2 χrχ
†
r = 12, hence

∑︂
r=1,2

ur(p⃗)ūr(p⃗) =

(︄
E +m −σ⃗ · p⃗
σ⃗ · p⃗ − p⃗2

E+m

)︄
=

(︄
E +m −σ⃗ · p⃗
σ⃗ · p⃗ −E +m

)︄
= γ · p+m.

Similarly

∑︂
r=1,2

vr(p⃗)ūr(p⃗) =

(︄
E −m −σ⃗ · p⃗
σ⃗ · p⃗ −(E +m)

)︄
= γ · p−m.



Tutorial Questions 4: Angular momentum and spin

a) Show that the Dirac Hamiltonian H = α⃗ · p⃗+ βm commutes with the total angular momentum

operator L⃗+ S⃗ where L⃗ = x⃗× p⃗ and S⃗ is

S⃗ =
1

2

(︄
σ⃗ 0

0 σ⃗

)︄
. (11)

b) Use the plane-wave solution to show that for p⃗ = (0, 0, pz)

Szu1 =
1

2
u1 , Szu2 = −1

2
u2 , Szv1 =

1

2
v1 , and Szv2 = −1

2
v2 , (12)

where Sz is the z-component of the spin operator.

SOLUTION:

a) First we observe that [L⃗, βm] = [S⃗, βm] = 0. Second, since p⃗ is a vector under rotations,

we have [Li, pj ] = iεijkpk, giving [L⃗,H] = iα⃗ × p⃗. The same can be verified with a direct

computation using Li = iεijkxjpk, as well as the canonical commutation relations [xi, pj ] =

iδij , and [xi, xj ] = [pi, pj ] = 0. Last, using

[Si, αj ] =
1

2

(︄
0 [σi, σj ]

[σi, σj ] 0

)︄
=

(︄
0 iεijkσk

iεijkσk 0

)︄
= iεijkαk ,

we find

[S⃗,H] = i p⃗× α⃗ = −i α⃗× p⃗ ⇒ [L⃗+ S⃗,H] = 0 .

b) Since p⃗ = (0, 0, pz) we have σ⃗ · p⃗ = σ3pz. This gives

u1(p⃗) =
√
E +m

(︄
χ1

σ⃗·p⃗
E+mχ1

)︄
=

(︄
χ1

1
2

pz
E+mχ1

)︄
,

u2(p⃗) =

(︄
χ2

−1
2

pz
E+mχ2

)︄
.

This gives immediately

Szu1 =
1

2
u1 , Szu2 = −1

2
u2 .

Similarly

v1(p⃗) =
√
E +m

(︄
σ⃗·p⃗

E+mχ1

χ1

)︄
=

(︄
1
2

pz
E+mχ1

χ1

)︄
,

u2(p⃗) =

(︄
−1

2
pz

E+mχ2

χ2

)︄
.

This gives immediately

Szv1 =
1

2
v1 , Szv2 = −1

2
v2 .


